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Outline

aauiiasauiinga (Contour Integrals)
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anuludaszvaadunie (Independence of Path)

dasla¥duiinga (Cauchy’s Integral Formulas)



ABUNI3UIINTa (Contour Integrals)
Wf(z) =ulx,y)+iv(x,y) mmsamdﬂlé\’ﬁnnqﬂumé’u‘lé’aL%&J‘U
C oo x=x(t), y=y(@t), a<t<b
wis C\u n daudsll a =ty < t; < - < t, = b uwias [a, b]

INUU C fo zy =xo + iyy = x(tg) + iy(ty), o) 2y = X, + iy, =
x(t,) +iy(t,) leeli Az, = z,, — z,_1 , k= 1,2,...,1n

W || P||\Juvesuvesdruddidauniigaves |Azy |
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ABUNI3UIINTa (Contour Integrals)

* Juiniaves f(z) vudulasissusatias C (contour or path)
LYNITHNIT ABUTIIFDUTINTANIDABUWANGDUTINS S

IP|[=0

n
f f(z)dz = lim 2 f(z,") Az,
G k=1
C gnivualee x = x(0),y = y(t),a<t<b
* ARIUINIBUNNS]a azdiAWinny

b
f f(2)dz = f f(z(®)z' (®)dt -,
C a
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ABUNI3UIINTa (Contour Integrals)

* AuANURYRIABUINTBUNINTS WisugulanuAMaNUR

294la1lduinsa 1soduNinsanIuLayY

Theorem 18.1.2  Properties of Contour Integrals

Suppose fand g are continuous in a domain D and C is a smooth curve lying entirely in D. Then

(1)
(i1)

J
(iti)

(iv)

JC

f(2)dz = f
Jo C

kf(z)dz = k J f(z)dz, kaconstant

C

[f(2) + g(2)] dz = J f(@)dz + J 2(z)dz
C C C

f(z)dz + J f(z)dz, where C is the union of the smooth curves C, and C,
(&

-

f(@dz= — J [f(z2)dz, where —C denotes the curve having the opposite orientation of C.
C G
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ABUNI3UIINTa (Contour Integrals)

¢ & f dawlosuuduldaseu C uasd |[f(2)| < M

. f(@)dz|<mL

dmsunnga z vu C, Asuy
logn L uadnuenives C |
‘?2c/:.

—nquvauwn (Bounding Theorem) ., _ . -

=')
onC L=1\2

, 22dz| =2

MIDUNATIPNLTENTT “ML-inequality”

—iUszlyviluiTamgun15auNnINITUIULTIY DY
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ABUNI3UIINTa (Contour Integrals)

*  PMVBULAUUVBIL NG Lely ML-inequality kaei C Aenay |z| = 4

eZ
f;z+—1

C

dz

e*8m
<

~ 457
3

le?| = |[e**Y| = |e*(cos(y) + isin(y))| = |e¥| = e*

z+1|=>|z|-1=4-1=3

L=2nr=8r
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ABUNI3UIINTa (Contour Integrals)

*  PMVBULAUUVBIL NG Lely ML-inequality kaei C Aenay |z| = 4

ez _ 8mle”| e*8m .,
fz2+1dz TlzI2-1 15 7T
C
e? e’ et
z2+ 1| |Z2|—1‘: 15
L=2nr=8m
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ABUNI3UIINTa (Contour Integrals)

* vaULAUUYDILANG Laaly ML-inequality 1ne? € A® quarter YaI1NAL

1Zz| =4vnz=4i5z =4

1 21T T
f—sdz SAVEREY:
) Z 14| 32
1y 1 1
723 |z|® 64
L 2ﬂ=2n
4
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nefunvasiad-niwin (Cauchy—Goursat Theorem)
o dszanlawu (simply, multiply connected)

e Tauazdu simply connected 5’11qﬂ€] O
Y 1 D
simple closed contour € ianuaaglu lawu

(a) Simply connected domain

Unaaugegn D (30 lauulaiilg)

o Tawuithiiu simply connected azilu y O
multiply connected O
Taufidl 1 “hole” azilluy doubly connected

(b) Multiply connected domain

Tatuuiid 2 “holes” aztUu triply connected
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nefunvasiad-niwin (Cauchy—Goursat Theorem)

* muingeiunvadiad-nseianandld e filuisiduiiasisi

(analytic) Tulaau D filuwuu simply connected Avaspau

m'sauwn'sa gﬁ f (2)dz fidwwindudmduduldse C & ezNasJ
aelu D sranun

* d1 f Duranduinsnzi ﬁwnqqﬂﬁagjmaiu

9

N3aUUABNNAS C, Wa2 gﬁc f(z)dz = C
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nefunvasiad-niwin (Cauchy—Goursat Theorem)

* N1INEUNGUUNVBILAT-NIwIN (Cauchy—Goursat theorem) Al

O0x

N UNVBINTU (Green’s theorem) f Pdx + Qdy = jf (7 X F) -k dA = ff (a_Q-a—P> a4

LazaNN15ve9lA%-38uU (Cauchy-Riemann equations)
* f(2) =ulx,y)+iv(x,y) uag z(x,y) = x + iy

* ¢ f(@dz =9, [ulx,y) +iv(x,y)][ldx + idy] = ¢. u(x,y)dx — v(x,y)dy +

i$. v(x,y)dx +u(x,y)dy = [[, (—%—2—5) dA+i[f (Z—z—a) dA
* 41 f Ju analytic, Faty = — 22 yay 4 = Y iy gﬁ f(z)dz =0

a;y o 6x dx y
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nefunvasiad-niwin (Cauchy—Goursat Theorem)

o Tulawuiduuuu multiply connected, 956 f(z)dz #0

—auydan C, Cy, ..., C,, Wwduldswuu simple closed AiAANS
Juuan Cq,Cy, ..., Cp aglu C

— Lwiu%vamﬁagjn'lﬂiu%uwiaz Cp, k = 1,2, .., n azhifigasunu

— f Juilsdduimmeiuuudasaauiinuasiudazaanely C uslaly
meuon Cp,, k = 1,2, ...,n

D
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nefunvasiad-niwin (Cauchy—Goursat Theorem)

C 1 Ck
' dz i =
9UA Tnef C fenenau |z| = 3
C z%+1 _ .
1 1/2i 1/2i
z24+1 z—i z+i
f dz 1 f 1 1 p
= — VA
z2+1 2] \z—i z+i
C C
f dz 1 1 1 Qg+ 1 1 1 i
= — — Z+— — z
zZ2+1 2 z—1i z+Ii 2i z—i z+Ii
C C1 CZ
. 2ni —0+0—2mi) =0
_Z_i( wi—0+0—2mi) = f(z)—i f(Z)
07 2mi c Z— ZO
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nefunvasiad-niwin (Cauchy—Goursat Theorem)

1 A+iB C+iD
= —Aar .
z2 +1 Z—1 Z+ 10

Az + + +Cz + +
z?2+1

A+C=0
D+B=0
A-C=0
D—-—B=1

ﬁ%A=C:QD:iB:_%
1 B 1
Wzazty > = 2. 42 = 21 4 Zl.
zc+1 z—1i z+4+i z—1 z+Ii
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nefunvasiad-niwin (Cauchy—Goursat Theorem)

aunFsaRaanan (RAwinlafld) = r = et
s it & — 3 it 0<t<?
Z—l=e"vmz=1+e", t < Zm

dz = ie'tdt

2T 2T

j£ dz _3@ dz _f dz _%ieitdt_
z—i Jz—i J z—i eit

C1 C1 0 0

z+i=celvinz=el —i,0<t<22m

dz = ie'tdt

21T 2w, 21
dz dz dz ieltdt _
- = - = - = — =1¢ dt = 2mi
Z+i zZ+i z+i elt
C2 C2 0 0 0
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anududaszvsadunie (Independence of the Path)

aauviafduiinga | c f (z)dz Judaszves

IHUN19 AAvastudiAwinnulunndunsasin C
AEYALINAY ZoHazgndusgn Z, 1 D 2

Cl

7

% < v Aa -4 o
61 [ Wursnduimsnzilu simply connected
domain D, #siu | . f (z)dz Judaszves =
idunie C =

Figure 18.3.1: If fis analytic in D,
integrals on C and C, are equal
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anududdaszuaadunis (Independence of the Path)

* mansndu F aianunsadila laen F'(z2) = f(2) asdy, F
Julfeywusves [ (anti-derivative)

* f79819, F(z) = — cos z Wuufjeruywusves f(z) = sinz
w3131 F'(z) = sinz

* i f Wandundaitaddulawu D waz F (Judfenynusves [
Tulasu D |, asuu dwmdunnasuing C Yaligasudu Zowas
yndugn Z; D

f o = Blz) = B
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gﬁﬂﬂ?@uﬁﬂ%’a (Cauchy’s Integral Formulas)

* NENUNVBILAT-NIVIN AANFIAYNAIYDENS
—ANvaIaNTuBATIZA [ N9n Zg Taglulawuwuy simply

connected §111INYNUNUAIYADUNITBUNNSS

fa) ==b L2

2Tl ) - Z—ZO

— Nengudasiznt [ Tulawuwuy simply connected aunsam

auwusunaeu (™ (ZO) = zln'l c G f(z)n o dZ
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) =\ Q/
gmﬂﬂ%aumnsa (Cauchy’s Integral Formulas)
* auiigaslafiduiinfanannld dwmduiledduiaseit f Tulawu D
wuu simply connected, fae C Junrsuiiasuuu simple

closed aglu D wazan Z lagiedniglu C dwanslususiuans

f(zo) = i f(2) dz

2Tl ), Z — Zg

D

C‘

, LLC an Ascend Learning Company
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gﬁﬂﬂ?@uﬁﬂ%’a (Cauchy’s Integral Formulas)

Z+1

z°—4z + 4 s o . .
% —— dz = 2mif (—i) = 2m((—t)2 + 4i + 4) = 2m(—4 + 3i)
C

z* — 4z + 4 |
f : dz =?1ee# C fevnau |z| = 2
C

Z 1
dz =?Tee9 C fevinau |z — 2i| = 4
c Z°+9

7 3 A 3 Z/(Z+31)
£z2+9dz_% (Z+3i)(z—3i)dz_£ s —31 %

—27le”(31)—2711ﬁ Tl _ 1 f@ |
6l f(ZO)_Z_T[i - Z— 12, Z
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gﬁﬂﬂ?@uﬁﬂ%’a (Cauchy’s Integral Formulas)

z+1 e B
pPTIp dz =?Tae9 C fevnau|z| = 1

z+1 (Z+1)/(Z+4)
7€c z3(z+4) jé

2mi 21l 6
== (0 =—r <— )

21\ (0 + 4)3
B 31l
32
F () = T g

2mi J. (z — zp)"t1
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gmﬂﬂ%uﬁn%'a (Cauchy’s Integral Formulas)

Cs

z3+3 2
35 — dz =7 IaeN C Ao
c Z2(z—1)

_j{) z3+3d+j£ z3+3d
- Jo z(z —1)? g c. Z(z —1)? g

1 2 p X
(z3 4+ 3)/(z — i)? P (z>+3)/z 0 Q),

— 7)2
C = c, (Z—1)
21Tl
= (2mi X 3) +=—f'(i L § 1@
( ) 1!f() f(z0) = 5— dz
miJ. z— z
= 6mi + 2mi(2i — 3/i?)
. . |
= 6bmi — 41 + 6mi £ (z0) = n! f(2) 7
: ’ 2ri e (z — zp)™
— 127Tl o 47-[ i@ Sharpshot/Dreamstime.com Copyright & 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company

www.jblearning.com



gmﬂﬂ%uﬁn%'a (Cauchy’s Integral Formulas)

f@ [ f@=fe)+f@)
c 2—2z  J i
f(2) dy = f(2) — f(z) + f(2o) dz — f(z) = f(z) + 2mif(z0)
c Z—Z c Z— Z c Z—Z c Z— Z

ilasann [ dawllesdt Zg 3l | f(2) — f(2)]| < € dwdu € > 0 udidinung

o o/ 1'% = 124 5 % g 174
waz |z — zp| < 8 dwsu & > 0 uwasdusuden CyIhdu |z — z5| = > Sl 1%

ML-inequality
|565 f(z)—f(20) dz ‘ <

Z—Z

2¢€ o) o
~2m— = 2me = 0 Wloen € ANuINe
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=\ (= v/ o %4 v/ 6
43 lATaUNNIAFIMIUIUNUS
(Cauchy’s Integral Formulas for Derivatives)
* auiigasladduiinfanaralfinenfuayius, dmiuilsidu
Ansedt [ Wlawu D wuu simply connected @sii C \Ju

AaUTiIsKUL simple closed egnelu D waz Z 1Jugalagh

agnelu C aywusvasanduidnsizi [ g Z azwiniu

() = o L2

d
2ni J. (z — zg)"*? “




gﬁﬂﬂ?@uﬁﬂ%’a (Cauchy’s Integral Formulas)

* dusnfineuiing C Wuenay |z — zy| = r s, dudulumugnsiad

a Aa v o o/ v ¢ o o v/ gj
DUNNIATINIUBUNUS wae ML-inequality asuu

dz| <—M 2mr =
7 — 7 )n+1 20 rntl rn

| 1 ' M
£ (20))] zzn_ f( f(2) n n

Toedl M Aasuauase @9 [f(2)| < M dusunnaauy C waanaunisiiazgnisaniy
. . = a\ ¢ = a A . . )
“Cauchy’s inequality” #9z9n L¥Tun15WgInguiunvasddda (Liouville’s

Theorem) (The only bounded entire functlons are constants)
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