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UAULIGOU ( COMPLEX NUMBERS )

* SrunuBediou Aesuaulagiteglus z = x + iy lag
il X, y Aeduiuaseas [ Aediuiudunnin = V=1
> X fedauaie vse Re(z2)
> Y fedwwdunnn vise Im(z)
> Sunudsdiou 2 S1uauaziindu §rvisdaussauazeau

AUANINLVINNU



UAULIGOU ( COMPLEX NUMBERS )

* nMsaiunisiienfulavadin (ARITHMETIC OPERATIONS) fignnseii

AUMUIUNTDY Z; = X1 + iy sz, = X, + 1Y,

® N13UIN:

® N198aU:

® N19AL:
Y

® N19%49:

z1+ 2z, = (xg +x3) +i(y1 +y2)
Zy —Zy = (X1 —x2) +i(y1 — y2)

Z1*Zy = X1Xp — Y1Y2 + i(Y1x2 + X1Y2)

B 1 6) )2 T (J/1x2—x1YZ)
Z2 X2%+Y2* x2%+y3°

* Tugda wiadnduysal |z| = /x2 + y2 =+/zZ



UAULTIDU (COMPLEX NUMBERS )
. ngmdﬂﬁi%‘lﬁﬁ’ué"m'su@a%’au Z1 way Zo
& ﬂ’]iﬁﬁU‘ﬁ: Z1 &l Zo = Z9 5 Z1

Z1Zy = Zy7Z4

. . mswdsuny: 2z, + (2, + 23) = (24 + 2,) + '

z1(2223) = (2122)2; pr



gnn1asnazsin (POWERS AND ROOTS )

* IMIUBWaU Z = X + 1Y aunsagnleulvieglugd
z = r(cos 6 + isin 0) luifagsda (1, 0)

* T Aarlupadavas Z

~* 0 femeniamudves Z (arg z)
“ y Polar coordinates

Z=Xx+1y

| =
I rsin 6

|
- X




gnn1asnazsin (POWERS AND ROOTS )

* JuIUTGBUBNIIGIWIUANGNUEAdlHLAY
z" =r"(cos nf + isin nf)

* MsAnUasNIIMTIugULRedn

Z1Z, = 1i1y[cos (61 + 6,) + isin (6, + 6,)]

Zy nnn 5p
— = — [cos (6; — 8,) + isin (6, — 6,)]
G 1>

- Y P
MFAUUUE 169



gnn1asnazsin (POWERS AND ROOTS )

* §n3Ya9ABL33 (DEMOIVRE'S FORMULA) Huselawiilunism

LPNANEAUAS INUARUIDENS

* ya z = r(cos 0 + isin 0),gn5v8992325n81277

(cos 0 + isin )™ = (cos nb + isin nb)

®* S1NVBIITUIULTIFIUNANVINAU

l[ (9 + 2kn> - (9 + 2kn>]
Wi = 1rn|cos = + 1Sin =

® 3B k=012..1n—1 ABIMUIUAISINN N




gnn1asnazsin (POWERS AND ROOTS )
EX. s V1+i

45°
2

45°
2

1
Wo=24|cos (

1
W1 =24[C0OS(202.5°)+iSIN(202.5°)]=-1.0987-i0.4551

)+iSIN( )] =1.0987+ i0.4551




i lussuuBsdou (SE7S 7N THE COMPLEX PLANE )

o quNAlY Zp = X + 1Y Wesan |z — zy| = \/(x — X0)% + (y — yg)? fio

JTULNNIININNA Z = X + [y uaz Zg = Xg + 1Yo ot ga Z = X + 1Y eAas

Wuluanuaunis

z—2z0l=p >0

 ynunan Z luiwn S 1Wugenielu uansdn S Wueaida (OPEN SET)

Y] v 1
mgﬂmuma
(@}
D ZO
4 B3
I 1
CTIINY

FIGURE 17.3.2 Open set

lz—=(1.1 4201 <0.05

SA 0.05

z=1.1+2

=1 Re(z) >1

FIGURE 17.3.3 Open set magnified view

of a point near x = |

z—2l=p
Wy @l P

P ot in ‘S.
(- 0;‘./

L L

notin S

=1 Re(z) =1
FIGURE 17.3.4 Set S is not open




i lussurudsdou (SE7S8 7N THE COMPLEX PLANE )

hd

Fig. 330. Unit circle Fig. 331. Circle in the Fig. 332.  Annulus in the
complex plane complex plane

lz—al =p




favgrsvasnda (EXAMPLES OF OPEN SETS)

3.4

Im(z) <0
lower half-plane

(a)

Izl > 1
exterior of unit circle

(c)

-1 <Re(z) < 1
infinite strip

(b)

1<lzl<2
circular ring

(d)




i lussurudsdou (SE7S8 7N THE COMPLEX PLANE )

* wnyaala 9 z; wag z, luwada S aunsaeusenula

Y, >, = & A & =
ﬂ’)&lLﬁ‘L&‘Via’lﬁlLﬂaﬂuﬂﬁﬂmﬂ%agﬂﬂﬂuwﬂuu IﬂﬂL%ﬂLUﬂ S

gm%t-m'j'l “Connected”

~ * Open Connected Set azgm’%an'j']“"[mmu (Domain)”

Tzz

Connected set




NaNTUVe AU FUNCTIONS OF A REAL VARIABLE )

o/ 1 t-'sl v a ¢ v o/
ﬁl’)’e‘l‘c’l’]x‘lL‘V\I?Jﬂ’)’]&lL%WiﬂLiax‘lﬂ\‘iﬂ‘U‘U‘Ua\‘lﬁ’JLL‘lJﬁ

* FUNATT LA A ABLITAYBITIUIUDT 108 3 < x < oo uazilaidun
NRUALAAB f(x) =Vx —3 AU F(3) =0,f(4) =1, f(5) =
V2 Wudiu

® 15UAVBY [ ABLEYN 0 < ¥ < oo

* LAZIUBIAIN A ABLUNVDIINUIUDIY AIUULTIEIUI5ana12LA7

“f fa Wentuvefinlsasy X~



WeAduuaIdwls3(REAL FUNCTIONS)

1
6

* Wentu [ annwe A Tudawe B Ranrudunusiinimualiiue

(Y 1 =

azaurtniu A danaansingeataealuy 5 wiinu

% < a = o Y o a
* awin O Wusandnluen 5 figninvualvnuaun®n @ lu

we A Teerendu f
* 15719081791 O Uy IMAGE wes 0 wazidewdu b=f(a)

* 1w 3andlau (DOMAIN) vaelendy [ waziunuas

IMAGE = M9uualy | 158071 RANGE 299W9nvu



Aargudestou ( COMPLEX FUNCTIONS )

° Walawy A Yoenanduduenvasd Ut au Z 151923nHenduYasna
= 74 Q.Il 1 « ¢ o =\ v )
LUSLTIYDUNUI “NWINTULTITaU

* @1 IMAGE W was Z aztllusruiudedouaslusd U+iv dufe
w = f(2) = u(x,y) + iv(x,y) lagil U uaz V Aedruaseuazan

IUANINVDY W ANNaIAY
e fhagnsunsaruvasitaidudedon Wu f(2) = z% — 4z ;

z) =

Iﬂem Z # +i Judu



Henduvesiudsidedou( COMPLEX FUNCTIONS )

Function of a Complex Variable

Letw = f(z) = z2 + 3z Find u and v and calculate the value of fatz =1+ 3i.
Solution. u = Ref(z) = x2 — y? + 3xand v = 2xy + 3y. Also,

f(a + 3i) = (1 +302+3(1+3i))=1—9+6i +3+9 =—5+ 15i.
This shows that u(1,3) = —5 and v(l, 3) = 15. Check this by using the expressions for # and v.

Function of a Complex Variable

Let w = f(z) = 2iz + 6Z. Find u and v and the value of fat z = % + 4i.

Solution. f(z) = 2i(x + iy) + 6(x — iy) gives u(x,y) = 6x — 2y and v(x,y) = 2x — 6y. Also,

f(3 +4i)=2i@G + 4i) +6(3 —4i)=i—8+3—24i =—5— 23i.




Handuvesnnusiisdou( COMPLEX FUNCTIONS )

e sldaunsarnansvasianduaicgeu w = f(2) lalasainnising

nsantudadlduny 4 unulussuuiie 4568 (X, YV, U waz V)

o wiidnsnazlianunsanansivesilsidudedou W=f(2) 16 wisraunsa

AauNeATuiidu N5 MAPPING 21052u1U Z-PLANE 1U8955u1U W-PLANE

lagagy
s W :f(:) Y ﬁ?@ﬁi’l\‘] RN‘VT’W’W"] U,(X, y), v(x, y) Lﬁ@
i
domain of f range of f f(Z) =Zz“ — 4z
- O\ fO) =+ i) = G+ )2 — 4+ )
. = x° + 2ixy — y* — 4x — 4iy

x \ ] =% —y?—4x) + i(2xy — 4y)

u(x,y) = x* —y* —4x

) = 2 g 4‘
(a) z-plane (b) w-plane v(x,y) XM 4

Mapping from z-plane to w-plane



HWeantuvasiwusistou( COMPLEX FUNCTIONS )

faeens aavam (MAGE) weadu Re(z) = 1 dsududnenisuuuts f(2) = z2
y 4 f(z) =flx+iy) =2° = (x + iy)°
N = x° + 2ixy — y? = (x* — y2) + i(2xy)

-1 =vy2
ST wny) =22 —52 v y) = 22y

. X | —ou NFUAUYIeie WURS x = 1 AT
u(y) = 1-y v y) =2y

(a) z-plane (b) w-plane

Image of x = 1 is a parabola



Henduvesiudsidedou( COMPLEX FUNCTIONS )

o frafinves f 9 Z inlnd zg fe lim f(z) = f(zy) = L e e > 0
Z—2Z

il A > 0wl |f(z) — Ll <elein 0 < |z —zp| < A

Theorem 17.4.1

. Suppose lim__, o f(z)=Lyand lim_,_ g(z) =

() lim [f(z) + g@] =L, + L,

(i) 1im f(2)g(z) = L,L,

(iit) hm 1@ L'
Zo g(z)

Limit of Sum, Product, Quotient

L,. Then

. (a) -neighborhood

(b) £-neighborhood



Wandudaszn(ANALYTIC FUNCTIONS )

* Hantu W = f(2) awludanduinsiziiign Zy draunsamaynusves [ 9a

Zo waznnyanadlng Zg 14

Definition 17.44 Analyticity at a Point

A complex function w = f(z) is said to be analytic at a point 7 if fis differentiable at 7, and
at every point in some neighborhood of z,.




dUN151AY-30UY ( CAUCHY-RIEMANN EQUATIONS )

Bl e o o ¢ w YErar - o

® HUN5LAT-3UUY SUNUSNUDUNUSIDYFIAUN 1

9q

a1 f(z) =ulx,y) +iv(x,y) mmﬁamm‘gﬁuﬂé’ﬁ

v 61 OQJdI

N Z = X + [y o9UU 1190 Z iaynustaeaInun 1

9

VY U LLAS U LazdannanInuaunislAd-sauil

ou ov ou ov

ama—t e el — — — —
0x ay ay dx



dUN1SIAY-30UY ( CAUCHY-RIEMANN EQUATIONS )

Using the Cauchy-Riemann Equations

The polynomial f(z) = z* + z is analytic for all z and f(z) = x> — y* + x + i(2xy + y). Thus,
u(x,y) = x> — y* + x and v(x, y) = 2xy + y. For any point (x, y), we see that the Cauchy—
Riemann equations are satisfied:

v ou av

du
— =2+ 1 and —=-2y=——
ay

dx a dy

Using the Cauchy—Riemann Equations

Show that the function f(z) = (2x* + y) + i(y* — x) is not analytic at any point.
SOLUTION We identify u(x, y) = 2x* + y and v(x, y) = y* — x. Now from

ox

ou d

— = 4x and i 2y
0x dy

ou Jv

— =1 and — = =]




dUN151AY-30UY ( CAUCHY-RIEMANN EQUATIONS )

1 A ¢ v = @ ¢ o v o A
® ANDIIVDININYY ¢(x,y) FadpYWUSHDEAIGUN 2 sivtliagly

LAy D wazdanAfaNUdNNITaUaIgaTgNTaNdT 315l

1A (HARMONIC) T D

* Wanguazilunanduiinsizilulawu drilsndunulisunus

NN

* i f(2) = ulx,y)

iv(x,y) Jusiduinsizilu

Towu D asuudenty U uaz v Wusisluila



WINBULDND WL UULTALAZadNTINY
(EXPONENTIAL AND LOGARITHMIC FUNCTIONS )

* WanvuLtandlniuuLdea A
e = e**™Y = e*(cos(y) + isin(y))
/ -1 ¢ WV o = = |
* ayWusvaININTUENGINI LTS AD
de?
dz
1 a xR o a v = < (Y ¢
* A1A9NIATNNVDIIIUIULTIYIU Z AATuatius

Inz =In|z| +i(6 + 2nm),n=0,+1,+2, ...

eZ



WaNBULDNF IWLUULT Y ALLAZADNISNY
(EXPONENTIAL AND LOGARITHMIC FUNCTIONS )

zZ=x+1y
w=Inz
u+tiv=Inz

u+iv

e =x+ 1y

e'(cos(v) + isin(v)) = x + iy

x =e%cos(v),y =etsin(v)




aUNIUNELAdS (TAYLOR SERJES)

f(x) =ag+ a;x + ax? + azx>® + ax* + -

f'(x) =aq+ 2a,x + 3a3x? + 4a,x3 + 5azx* + -+

f"(x) =2a,+ 3)2)azx + (A)Bax? + (5)(4)asx3 + -
") = ) 2)(Mas + (DB ax + (5)(4)(D)asx? + -

() = (1 B)(2)(Day + () (B)(2)asx + -
f(0) = ao, f'(0) = a1, £ (0) = 25, f'(0) = B)(2)(Va, f"(0) = (DB (D (Das

- HOS EON SO T () i (V)
B 2= % T 1™ T Ixa ool
f© 1O, ['©, ["O, [0

f( ) ™ 0! 1! 2! z



WINFULDND WL UULIaLaZadNTINY
(EXPONENTIAL AND LOGARITHMIC FUNCTIONS)

e e = cos(x) +isin(x) : EULER'S FORMULA

°f(x)=f(()?)+f(0)x+f (O)xz _I_f (O)X3+’“_ (0'e] fn(o)

xn

1! 21 3] — 4&n=0




Handumslnauazlawasludn (TRIGONOMETRIC
AND HYPERBOLIC FUNCTIONS )

(o] %4 (] =Y v .
¢ 193U TUIULYIYDU 619]6] Z=Xt1ly
eiz s e—iz eiz o e—iz
Sinz = - ,C0S Z =

21 2

® ANAYNUSHAZANLBNANYAIVDIVIUIUTIYUVDIHINFUATLNAINR

AU UNUNINTUINUIUDSY

e Wanvulawaslvaaloduazlaley weulanuaruIuase

- e? —e % . e ties
sinhz = coshz =
2 ' 2

Z




=\ (1 s o/ = 6" =\
dULIBTANINTURS Inauuazlawmasluan

(TNVERSE TRIGONOMETR]IC AND HYPERBOLIC
BN G OISy

w = sin~1

z © z = sin(w)




=\ (1 s o/ = 6" =\
dULIBTANINTURS Inauuazlawmasluan

(TNVERSE TRIGONOMETR]IC AND HYPERBOLIC
BN G OISy

1

v=cos 'z z=cos(v)

eiv 4+ e—iv
2
e’ —2ze+1=0

~ §eUu QUADRATIC FORMULA

eV =2z+z2—1=2z+iy1- 22

7 =

=v=—iln(z+1i

=




dULISANINTUN InaULLaz lawmasluan
(/NVERSE TRIGONOMETRIC AND HYPERBOLIC

FUNCTIONS)
h=tan 'z & z = tan(h)
pih _ p—ih
4 AT
ze + ze 7 = —jeih 4 je~th

(i + 2)e't = (i — z)e !

I — Z
L+ z

1 [(i—z\ i ([i+2z)
21 li_ z|] 2

e?lth —




dULIATANINTUMS Lnauuazlawmasluan

(TNVERSE TRIGONOMETR]C AND HYPERBOLIC
BN G OISy

(%4

* dupTAvaIHINduasNIANNLaTaYRULS AN

1 dsin™ 1z 1
sin“lz=—iln [iz + (1 — 22)2] 3 = 1
‘(1=

1 dcos 1z 1
cos lz=—iln [z +i(1 — ZZ)?] 7 = T
° (.

- i [+z dtan™1z 1
tan "z ==In =

2 i—2z dz 1+ z2



HWeantuvasiwusistou( COMPLEX FUNCTIONS )

9819 1A (IMAGE) 909 ¥ = (x — 1)% dsguauansmenisuudis f(z2) = z*

\ tv | $v

v(x,y) = 2xy.—20E

f(2)=f(x +iy) = z*
= x2 4 2ixy — y*
= (x* —y?) + i(2xy)

U(X,y) =X2—y2 =X

2

s
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