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Surface Integrals (auiinsaniuia)
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Surface Integrals (auiinsaniuia)
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Surface Integrals (auiinsaniuia)

EXAMPLE Evaluate [,y dS, where S is the surface z = x + y%, 0 < x < 1,
0 <y =< 2. (See Figure 2.)

SOLUTION

0z 0z
—=1 and ——= 2
ox ady i

[fras =£f),.\/1 (=) (2 a

= ”J‘:y\/l + 1 + 4y2 dydx
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axXb= [—fx(xi,yj)i —f5 (Xi,yj)j + k]AXAy a = Axi + fx(xi,y]-)AXk

_ _ 2 2 b = Ayj + fy(xi,y]-)Ayk
ATjj= |a X b| = \/1 + [fx(xi:yl')] + [fY(Xi'y]')] AxAy fx(xi,yj),fy(xi,yj) puduaeaiames @, b

AT--=\/1+ £(x0, y)|° + [, (x, v )P AA =~ AS;. L) £
i [ (xi, 3| [Zy(l i)l 2 i xbo A 0 E(y)ax
aTy= 1+ [t Ceoyp)]” + [5G )] 0y fy(x)dy

m n
AGS) = lim_ z z AT

i=1 j=1




Surface Inteerals (ausinsasiuing

Definition 9.13.1 Surface Area

v ) g A - ! = v & A A A GPN
tn filwilsddundiewiusdes fy , fy doidlesuneauinn R dely Aufinesini

(Surface Area) witdlazauws R JA1winay

A(S) = ” V1 + [ )] + [£x )] dA. (2)

R

Definition 9.13.2 Surface Integral
W G \Juieridunfl 3 daudsfignimmafeguiliausnomuio 385 S A

BUANSaAINRAT (Surface Integral) 289 G willeusians S HeAwinfu

J J G(x,y,2)dS = lim D, G(xy, yi, 2) AS;. (4)
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Surface Integrals (uiinsamuia)

RIIMN

& A = @ 1 2 2 2 — 2
FINUNEY Surface Fduaineamsnan X< + y° +zZ° = a
fingimilaszuny XY uwazagnnalunsnszuen x% + y2 = b4,0< b < a

gl 2 = f(x,y) Tne f(x,y) = \/a2 — x2 — Y2 Falu

fx(X, y) — \/az__;z_yz OF fy(x;Y) — \/ 24 @N‘J‘H

a%—x2_y?2
JLH RGP + [ G] =

a
\/az — x2 _yz

v & a 4 D oa o o > o < Al e 2 >
darin A(S) = [, dA Teed R Aevauweiinimmainogl uaziNemnAduiinsaseei 1309t
\/az_xz_yz Y

Polar coordinates

2w b 21

_ b

A(S) = aJ f(a2 — r2)"Y2 rdrdo = af |—(a? - r2)1/2]0d9

0 0 0

fun = Q@(x,y) 5./sqrt (52 - x."2 - y."2);
xmax = @(y) sqrt(3.72 - y."2);

xmin = @(y) -sqrt(3.72 - y."2);

sol = integral2 (fun,-3,3,xmin, xmax)

2T
— a(a—a?—p?) J 46 = 2ra(a—a? = b?)| {25 oo
0




Surface Integrals (uiinsamuiia)

ABLIY

IR ffs xz%dS Taeit S \fudanvasmasnazuen y = 2x% + 1 feglumsunsific gnandnasuian
gy X =0,x=2,Z2=4uazz =8

smawdr g(x,z) = 2x% + 1 uaz R Aevdnadwaentusziny xZ dssu wanflasann g, (x, 2) =
4x waz g, (x,z) = 0 e

2 8 2

43
szzdSzjszzx/1+16x2dzdx=j[?x\/1+16x2]2dx
S 0 4 0

2
448
= TJ x(1 + 16x2)1/2 dx
0

28 2
_ 233/2
[9(1+16x) ]0

2
— ?8(653/2 - 1)
clear

~ fun = Q(x,z) x.*z.72.*%sgrt (1+16*x."2) X
~ 1627.3 q = integral2(fun,0,2,4,8) '




Integrals of Vector Fields

a a v (4
(BufindaaasauInIAmeS)
a1 F(x,y,2) = P(x,y,2)i+ Q(x,y,2)j +R(x, y, 2) Kk \duaminaanauiisa
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Integrals of Vector Fields
(Bnfinsazasauiniaanas)

£ £
o

iuiaioy S gninsmalidu g(x, ¥, 2) = 0 fulu Bamesiiioninefiseiniuiuia Ae

dg.  dg.  0g
Ve Ix 1+6y]+azk

[ g”_ﬂgﬂ [ +[%2
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Flux Through a Surface (Wﬁﬂ%ﬁfﬁ@muﬁuﬁq)

mﬂam nua F(x,y,z)=zj+zK wunislviazasaasmnas asmnnand (flux) aee F adiu
Wi S Sadudauresszuny z=6—3x—2y m@ﬂiu@ﬁﬂﬂﬂ (octant) 71 1

angUiiuans auniirmes waziuiane ssun g(x,y,z) =3x+2y+2z—6=0
Samasiefisanntuiuio waslan Z fdu + fe
Vg 3it2j+k 3i N 2j k

IVell /32492412 VT3 V1i Via

v
o o/

NUU

flux= ff¢ (F°n)dS=\/+_4ffS 3zdS

wazangl R As lfidrdunesiufaaunszuL Xy ey

3
ﬂuxzﬁ SJ (6—3x—2y) (\/ﬁdA)

clear
3x Syms X y z
3_7 plane=[x,vy, 6-3*x-2*y]
F = [0,z,2z]
ndS = cross(diff (plane,x),diff (plane,y))
:3j f (6—3)6—2_)/) dydx :18 Fpar = subs(F, [X,Vy,z],plane)

flux = int (int (dot (Fpar,ndS),x,0,2-2/3*y),vy,0,3)

0O O flux2 = int (int (dot (Fpar,ndS),y,0,3-3/2*x),x,0,2)



Stokes’ Theorem (nqufjzassland)

e Wi]‘lslg"ll’ﬂx‘lﬂ‘[mﬂ‘ﬁ(SD) ﬂ‘&’]ilﬂi]‘lslguw’ll’ﬂﬁﬂ‘iu(ZD) /

n

. wqugmm@ﬂ:ﬁmﬂ nana9n Auiinsamadu Caas F | » %

| A\
5aUAUAT S AuTiANTsD AR NAAL AR AR ATYINAD \L\/
-

0}

dufinsaniniazes VXF asaa S

T S \fufRaARfAFmMNg (orientable surface)uaziFsuiiiugag o (piecewise-smooth) Beflaaumdudulag
Tnesning C Adsududas 9 B F(x,y,2)=P(x,y,2)i+0(x,3,2)j +R(x,y,2)K ifinamuiia
0 0 O

wod loadt P,Q, R fiwilsidusniins uazflayinsdaasumuiivie ( 5% By’ oz ) siniasluLEion

1091300 377 (]R3 ) iug9g S (@wnsamdnts) dman C gnatsaslufismasuan (positive direction)

jﬂ Fedr = f (F-T)dS= L f (VxF)-ndS

loa@t n wanwedndonieiinmintu S Twirmsessnisanaumnnes S @rneuiuliienisuanssy
C Tneiursuzassnaslilufianiess n udsRosragnieiistiesnsnoians)



Stokes’ Theorem (nquifjuasalnng)

AIBENE FINAN gﬁc Fedr Tnefi F(x,y,2)=—y

svun y+z =2 dnfumsenszuan x2+y2 1 Azl

2l‘|‘XJ +22K uas C Lﬂumuimmﬂmm

anF(x,y,z) = y21 +xj + 22K inannsann VxF gied S O
i i Kk i
0 0 O
VxF = Ew 8_y a2l = = (1+2y)k
N S O
wzsndin g(xy,z)=y+z—2=0 suluiamnefniiaicyedu Ae p 0 —
Vg _jtk / y
Vel 2 g
ldngupuesainng =fx,y)=2-y
" fx(x,y) =0
H(VxF)-nds=—ﬂ(1+2y)d5 froy) = -
V2
S S
clear
1 syms z x y t r
—_ F4 = [-y"2,x,2"2]
- \/7 J(l + Zy) \/EdA sigma = [r*cos(t),r*sin(t),2-y]
D boundary=subs (sigma,r, 1)
2T 1 int (dot (subs (F4, [x,Vy,z],boundary),diff (boundary,t)),t,0,2*pi)

— [ {(1 1+ 2vcin rdrdfl =

ndS=simplify (cross (diff (sigma,r),diff (sigma,t)))

curlF4=curl (F4, [x,y,2])




Stokes’ Theorem (nquifjuasalnng)

FABEIY FINTA gﬁC F-dr Taen C fludunsanmasniifqaeani (1,0,0) (0,1,0) wag (0,0,1)

F(x,y,z)=(x+y2)i+(y+22)j+(z+x2)k (0,0,1) ‘

: j k Xty+z=1
0 0 0
VxF = B 8_y 2 | = —2zi —2xj—2yk (0.1,0)
xH2 2 e ,,,«——’Jl >
Vye o ytze ztx y
) ) L 1

wazsn3in g(x,y,z) =x+y+z—1=0 fubuianasmiefiayiy is n= ||g§||:l+\/]§k (1,0,0)
Tdnguuesatang X

ff (VxF)nds=— f (x+y+z)dS—T j dS—T U \/1+[fx(xy) +[fy(x,y)] dxdy

11 11—y y2 |
({f V3dxdy = ZJJ xdy——Zj(l y)dy——Z(y—2>‘O=—l

00

clear

Syms X y z

plane=[x,y,1l-x-vy]

F = [x+y"2,y+z"2, z+x"2]

F = subs(F, [x,y,2z],plane)

ndS = cross(diff (plane,x),diff (plane,vy))

sol = int (int (dot (curl (¥, [x,y,2z]),ndS),y,0,1-x),x%x,0,1)

curl F 221 — 2z j — 2y k and we take the surface S to be the planar region enclosed by C, so S 1s the portion of the plane



Stokes’ Theorem (nquijjrasaland)

srating sslinquivasaland ven [[ ¢ (VXF)'ndS Tnefi F(x,y,z)=xzityzj+txyk uaz
S \ufuRafiAnannsnas x2+y2+22=4 LATYITINTZLBN

x2+y2=1 AnfuAagU ann F = xzi + yzj + xyK s5nasnsam VxF Tigiail

l ‘l k ZA
o 0 0 |
VxF=|— — —|=(x—p)i+(x—y)] ~
ox 0Oy Oz n—
Xz yz Xy
wazsndan g(x,,z) —x? +y2 +22—4=0 Fstun Ao = c.’i_é—r ~
Vg  xityjtzk 7 9 Mg y
n= = way flx,y)=z= |4—x*— - 2 ol ot
”Vg” 2 f( y) Y v . x“+y =1
Gf%wqwfjmm‘[mm? P
syms X y z t r
= [X*ZIY*ZIX*y]
boundary = [r*cos(t),r*sin(t),sqrt (4-(r*cos(t))"2-(r*sin(t))"2)]
j (VXF) ‘n DS ndS=cross (diff (boundary,r),diff (boundary,t))
curlF=curl (F, [x,y,2z])
S sol = int (int (dot (curlF,ndS),r,0,1),t,0,2%pi)
21 1
1 ]
=5 (x(x—py)+y(x—y)) dS= | (r2 cos 2(9) rdrdf =0
S 0 O




WS uLguNg e uasdaland NU NuUNYRINTu

* Nufuneaensu Wunsalrnizvamguvasaland tuszuiu Xy

$. F-dr=¢ Pdx+Qdy= [[. (VXF)-ndsS (Hland)
ng: fgudnans C tufimeiifiuuan AuRa S szagdmdnefios fi N szfifrvseaananiinfia @) dog
§. F-dr=¢. Pdx+Qdy = [[, (—x——)dA (3w

Aaat19n1stlSauneun e ?lﬂ\‘ifﬂ‘mﬂﬂ 1 NYUAVNABINGH

1 S WudansuBsuunseunu Xy WﬂﬂﬂﬂﬂﬂNﬂQﬂ C firmamidnunfna s / QTQ

%Fdr—jLde+Qdy J(VXF) Kk dxdy

c c
meqwgummﬂiu I (Z—g — a—P) dA=[[. (VXF)-ndS=[[, (VXF)- kdxdy

muu Wﬂiﬂgﬂ%ﬂ’ﬂﬂﬂimﬂﬂ LRNTHNANVINGT

a % %

pngne naufjansaland nidasziunisdeniiuia S Iagils Agnliadensas C (C=a9nan

L1l

a s = @ Y
SZ@INﬂ, ANYINNAN, N978 LUHAW)

Agaiinguijaaaland
1. &1 Cuaz S fe 52010 xy A nuiasssland=mguiunaesnis
2. 1 Cuaz S fe szunulag fesi nouizesaland=yauiunaesnds useunuiue



Proof Stokes’ Theorem (Agasingufjuasalans)

1. ANV BINNAT NOEUBIEland

3€F dr—jg(F T)dS = H(VXF) ndsS

F P(x,y, z)l + Q(x,y, z)] + R(x,y,z)k
uazannisrasinin SAe z = f(x,y) ez — f(x,y) = 0

o or_ (PR_9Q). (3P 3R\ (90 9P\

~\ay 9z T L ; <::::i::::::i>
annii g(x,y,z) =z— f(x,y) =0 '
J R

—agl—

I
I
I
I
I
I

Vg

Vgl 2 2
of of
R
OR 9Q\df (9P OR\df (9Q P
ﬂwm nds = U{( ) (55 o+ (5o 52 faa

n =

- T L
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Proof Stokes’ Theorem (Agasingufjuasalans)

2. fnudingaasanns nqujaesdland

ANNTT parametric representation of C @n

x=x(t),y=y(),z= f(x(t) y(t)),a <t<b

b
3@1: d jﬂpd +0dy + Rd f pdx dy R(LY TNy, "
. p— p— — — e
’ x +Qdy + Rdz ac T3 dx dt | dy dt nagne
C C a

- ((reracr (o n)or)

ny plane

U < 0+RY ) Y (P -;—yR %)) Sy R,




Proof Stokes’ Theorem (Agasingufjuasalans)

-4 a =)
1. WIHKINUBINNNTT N EIUNABINTU

o(e+RE) o(e(ry.ry)+RGy. f1)E)

0x B 0x
L 0Q 0Qof 02f\ Of (0R OROF\ 0Q 0Q0f 92f\ ORAf OfOROf
= 9x oz 6x+R<ax6y)+ay<6x+ azax> = ax+R<axay>+axay+ayaz e

o’dl =3 =
2. NIUVFDIYBDINHNG Vg JUNUBINTU

’ (P N R%) 0 (P(xry,f(x,y)) + R(x,y,f(x,y))%>

dy dy
_oP aPaf _ d%f of 0R+6R0f dP aPaf e d%f aRaf df OR Of
B ay 0z dy dyodx dx\dy 0dzady) ay 0z dy dyodx ay dx 0x 0z dy

e ) (o s oy o




Stokes’ Theorem (nquifjuasalnng)

sasing vl S iudaueamssnszuen z=1—x2 dmsy 0<x<I1, —2<y<2 s9figasl
Stokes' theorem avsuawsiawas F=xyityzjtxzK any@ln S il surface fmumnnna

51 S fo inlds C isznaudae C1.Cy, (3, Cyg usz vinoe R uamssisgy

(a) (b)




Stokes’ Theorem (nquifjuasalnng)

£

Surface Integral ann F=xyityzjtxzK wsawnsoun VXF laasu

i j Kk

VxF= 0 9 9| —1 —zj —xK
ox Oy Oz
Xy yz Xz

2

— 1= 0 Wunsnszuen Auiudamnasiieianay A

Vg  2xitk

n_ —
Vel T, 2.,
1 2

g(curl F-n) dS= g\_/ix;;%dS!e (—2xy—x) dAJ _jz(_2xy—X)dydx—2

wziin g(x,y,z)=z+x

AT

clear

syms X y z t r

F = [x*y,y*z,x*z]

boundary = [x,y,1-x"2]

ndS=cross (diff (boundary, x),diff (boundary,y))
curlF=curl (F, [x,vy,2])

sol = int (int (dot (curlF,ndS),x,0,1),y,-2,2)




Line Integral a1n + + + &
S b =Je, tle, tley tley, -
U Cq: x=1, z=0, dx=0, dz= 0 fash Cy

f y(0) +y(0)dy+0=20 s

Cq
un Cy: y=2, z=1 1—x2, dy=0, dz=—2xdx #9113

11
j 2xdx +2(1 — x%)0 + x(1 — x?)(—2xdx) = j(Zx + 2x* — 2x%)dx = ==
C2
s C3: x=0, z=1, dx=0, dz=0 v
=
f0+ydy+0=j ydy =0
C3 Y 2
un Cy: y=2, Z=1—x2, dy=0, dz=—2xdx f31i1
19
j —2xdx — 2(1 — x2)0 + x(1 — x?)(—2xdx) = j(—Zx + 2x* — 2x%)dx = =

Cy
11 19

ﬁqgufc1+fcz+fcs+f64:_1_5_1_5:_2




AV ANNTA gﬁc zdx+xdy+ydz Taed C flaidunnszemanazuen x2 -l-y

Tz y+z=2 t C ausaulufirmasudisuniing

anlang F=zi+xj+yk doiu isnamnaont VxF T |
i j Kk |
0 0 0 -
VxF= =itj+k
ox Oy Oz crE
Z x y X

x.v.2)=y+2z—2=0 {fuszuy fasudanesrinefamedy fe
X V,Z)=Y q

5& F-dr= ﬂ(curlF n) dS—f (+j+k).(

—\/_UdS \/_ﬂ\/_dAzn

__ Vg _Jj*k
Vel V2

—) ds

_J_
clear
syms X y z t r
F=1z,x,v]
boundary = [r*cos(t),r*sin(t

21

ndS=cross (diff (boundary, r)
curlF=curl (F, [x,vy,2])

,diff (boundary,

sol = int (int (dot (curlF,ndS),

), 2-r*sin (t) ]
t))

r,0,1),t, 012*pj—)




Aaaeing 991% Stokes’ theorem WA gﬁc F-dr Taeit C anluiiemaudamniing
F=22y COS Xy i+22x(1+ cosxy)jt2zsinxyk Taa C faauamdu sz z=1—y

Qdd

269 1 (Stokes’ theorm)

curl F = —2z2i+ 2?k. A unit vector normal to the plane is n = (j+k)/ V2. From
we have 2z, =0 and 2z, = —1. Thus, dS=+v1+1dA = V2 dA and

dPi= // (curl F) - ndS = // V2dA = // (1—1y)2dA
§l§_ R \/- J R
2 pl 2 } 1 9 | .
; 1 : 1 2
[ [ -ty [ -2y do= [ Fdo=2.
JO JO JO 3 0 Jo 3 3

381 2 (Direct : §~ F-dr = ¢~ (22)/ cos xy i+z2x(1+ cos x)j+2z sin xy k) -(dxi + dyj + dzKk))

>r=1—uy,

f F-dr=§ F-dr+j€ F dr+j€ F dr+3€ F-dr =0+0+0+7€ 222(1+ cos 2y)dy+2zsin 2y dz
C Cl C2 C3 C4 C4
1 z=0 x=0 y=0
=f 2(1—y)2(1+cos 2y)dy—2(1—y) sin2ydy [ ciear
0 Syms X y z
1 F = [y*z"2*cos (x*y),x*z2"2+x*z2"2*Ccos (x*y),2*z*sin (x*y) ]
oundary = [x,y,1-v]

:f 2(1_}/)2(1+COS 2y)dy_2(1_y) SiIl 2y dy:— dS=cross (diff (boundary,x),diff (boundary,y))

urlF=curl (F, [x,vy,2])
O sol

int (int (subs (dot (ndS, curlF) ,boundary),vy,0,1),x,0,2)
sol

sol (3)




R2BEIY @ff%wqmgjﬂimﬂﬁmmffS (VxF)-ndS aunfdn S ffemisn F=2xy22i + 2x2yzj +

(x2y2—6x) k ne S fudausesszuny z = y Sagnnshmsnszuanfidguaduannisanay x2+y2—1

L4
o/

anland F=2xy22i + 2x2yzj + ( —6x) fawn irananaann VxF Tl
. ;

k
0 6 0 .
V=l 5 5 oz |79
2xy22 252 vz x2 y2 —6x
’V’]ﬂ‘V]ﬂ‘Vl’]\‘iﬂ’ﬁ’Ju‘iﬂ‘Ll C NAANBINURIATHUNYD surface S LL’N‘“L‘E’ﬁ’Jq g(x,y,z) —Z7y = 0 LUH‘E‘”W‘I‘U WQ‘LA‘LALQWL@]@‘?W‘LA’JE
VWT‘V\N"H‘H Ao
_ Vg _—jtk
Vell 2

2n 1

3€Fdr ﬂ(curan) dS—jj—dS—H\/—g\/1+[7§C(x,y)]2+[]3,(x,y)]2dA—jf —6dA=—6j jrdrdez—m
R 0 0
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https://www.symbolab.com/solver/definite-integral-calculator/int_%7b0%7d%5e%7b1%7d%20/left(2/left(1-y/right)%5e%7b2%7d/left(1+cos2y/right)-2/left(1-y/right)sin2y/right)dy

AABEY 9nfiafinanun 9933 line integral 1A gﬁc F-dr ¢ F=2xy22i + 2x2yzj + (x2y2—6x) k

Toa C hwdnlfefifinanszun z = p uazagdnialmssnszuanfifignaduannisaenas x2+y2=1

é Fedr = f 2xy22 dx+2x2yz dy+ (x2y2—6x) dz
C2 C
T

= j —2 cos(?) sin> (¢) sin(?) dt+2 cos2 (¢) sin? (¢) cos(?) der+ (0032 (¢) sin? (1) -6 cos(t)) cos(?) dt

0
21

= j (—2 cos(?) sin? (1) +3 cos” () sin? (1) —6 cos2 (t)) dt =—6m
0

import sympy as sp
from sympy import symbols, Matrix, cos, sin, diff, pi, integrate
# Define symbols

X, Yy, 2, ¥, £t = sp.symbols('x y z r t'")
# Define vector field F
F = Matrix ([2*x*y**2%z, 2 x*x*2*y*z,  x**2*y*x*2 — 6*x])

# Define parameterized boundary

boundary = Matrix([r*sp.cos(t), r*sp.sin(t), r*sp.sin(t)])

# Compute normal differential surface element using cross product

br=diff (boundary, r)

bt=diff (boundary, t)

ndS = Matrix ([br[l]*bt[2] - br[2]*bt[l], br[2]*bt[0] - br[0]*bt[2], br[0]*bt[1l] - br[1l]*bt[0]])
# Compute curl of F

curlF = Matrix ([diff(F[2],y)-diff(F[1],2z), diff(F[0],z)-diff(F[2],x), diff(F[1l],x)-diff(F[0],y)])
# Substitute boundary into curlF

integrand = ndS.dot (curlkF) # Corrected dot product

# Compute double integral

sol = 1ntegrate(integrate (integrand, (r, 0, 1)), (t, U, E*pl)); print (sol)



https://www.symbolab.com/solver/definite-integral-calculator/int_%7b0%7d%5e%7b1%7d%20/left(2/left(1-y/right)%5e%7b2%7d/left(1+cos2y/right)-2/left(1-y/right)sin2y/right)dy

Stokes’ Theorem (nquijuasalnng)

Use Stokes’ theorem to evaluate f z%e"dx + xy*dy + tan ' ydz where Cis the circle x* + y* =9,
c

by finding a surface S with C as its boundary and such that the orientation of C is counterclockwise as
viewed from above.

We take the surface to be 2 = 0. Then n = k and dS = dA.

Since curl F = i+ 2z¢% 5 + 3%k,

1+ o2

35 2267 dy + zydy +tan "t ydz = // (curl F) - ndS = // 2 dS = // 2 dA
JC JJ S JJ S JJ R

2w 27 1 3

/ / 25in? 6 rdr (/H—/ 7 r* sin? ¢

g1 [2m 17
:—/ sin® 20 dh = ——
4 Jy 4




HW

18. F(x,vy,z) = —2yzi + yj + 3xKk,
S is the part of the paraboloid z = 5 — x* — y* that lies
above the plane z = 1, oriented upward

19. A particle moves along line segments from the origin to the
points (1, 0, 0), (1, 2, 1), (0, 2, 1), and back to the origin

under the influence of the force field
F(x,y,z) =z*i+ 2xyj + 4y*k

Find the work done.



Triple Integrals (fufinsasuzw)

v
° msﬂfszqﬂﬁ?i’fmumfsﬁuﬁﬂs@mu%u

— 1U3HIR5PBIFUNTIAN (Volume of solids)
— WINIRVBIFUNTIAN (Mass of solids)

— AN HRIT UL AT NI (LN KATH LD aY) waqgﬂwsqﬁu (First and

second moments of solids)

— %ﬁiﬂﬁﬂamwyﬂguﬁﬂﬂwuqa (Coordinates of center of mass)

— mqmmuwﬁ@ﬂﬁﬂmgﬂwsaﬁu (Centroid of solids)

Definition 9.15.1 The Triple Integral

2/ 2/
o/ o < o/ o

1 F (flusiduaes 3 soulsigninuualiiegwiimBumuila D 356 6 funes F wilainn D 8awiniy

o
=
2]
=
=
5]
23
=
22

H‘I-’(.\'. Y, 2dV = lim > F(x, Yi, 2p) AV, (1)
JJ. ‘I)]
D



Appli cations A list of some of the standard applications of the triple integral follows:
Volume: If F(x, y, z) = 1, then the volume of the solid D is

=[] a

D
Mass: If p(x, y, z) is density, then the mass of the solid D is given by

m = m p(x,y,z)dv.

D
First Moments: The first moments of the solid about the coordinate planes indicated by the
subscripts are given by

M, = m zp(x,y,2)dV, M, = m ye(x,y,z)dv, M, = m xp(x, y, z) dV.

D D D
Center of Mass: The coordinates of the center of mass of D are given by
M yz Mrz M Xy
x = > y — ', Z = =
m m m

Ceniroid.: If p(x, y, z) = a constant, the center of mass is called the centroid of the solid.

Second Moments: The second moments, or moments of inertia of D about the coordinate
axes indicated by the subscripts, are given by

= m O0* + 29p(x,y,2)dV, I, = m (** + 2%p(x,y,2) dV, I, = m x* + y)p(x, y, 2) dV.
D D D

Radius of Gyration: As in Section 9.10, if 7 is a moment of inertia of the solid about a given
axis, then the radius of gyration is



Center of Mass (Application)

fameine JUnsnguannuaWwii 1 uazgnanfinueueafiansiinsingte Z = /X% + y2  ssww z = 1
, X = 0 uaz y = 0 asmqagudnanssns draanamuiwiuassgunssssnandawingu p(r, 8,z) =1

anland aunnsresnsiene Z = 1/ X2 + Y2 = 1 safuaingyl

=
Il
N —
—
ﬁ
Q
<
OSNI;I
o —_
Se—
ﬁ
—
Q
N
=
Q.
ﬁ
Q.
(Na)
\—’/

clear
syms X y z r t
answer = int (int(int(r"~2,z,r,1),r,0,1),t,0,pi/2)

AL =l R B e




Center of Mass (Application)

First Moments: The first moments of the solid

/2 1 1
M, = ”’ zrdV = _J ] zr? dz dr do M,, = [” zp(x,y,z) dV
JJ. Jo Jo Jr ’
D D
/2 2L |
= “—r?| drde
b b 2 ]- M, = UJ yp(xa Y, z)dv
ra)2 o D
| B 4 ™
= — (r<-—rdrdd = —.
2 JO 0 30 (
wf2 1 pl M, = xp(x, y,z)dV
M, = ”l r’sin@dv = J ] l r* sin 0 dz dr do D
D ? i clear
rw/2 1 | syms X y z r t
— l"“'\'ill 0 dr do Mxy = int (int(int(z*r*2,z,r,1),r,0,1),t,0,pi/2)
| ' N . Mxz = int(int(int(sin(t)*r"3,z,r,1),r,0,1),t,0,pi/2)
Myz = int (int (int(cos(t)*r"*3,z,r,1),r,0,1),t,0,pi/2)
cw/2
= (r* — rYYsin 0 dr do =
o Jo 20

rrrl2 p

v I 1
M, = ”‘ rlcos 0dV = ' ‘ [ r? cos 0 dz dr df =
JJJ 0 Jr

-l’ 2().
D
Hence,
M, 1/20 M, 1/20 M, #/30
s = ——— =038 y= = 0,38, Z= = —oq 0.8
m /24 ’ m /24 m /24

The center of mass has the approximate coordinates (0.38, 0.38, 0.8).




Center of Mass (Application)

| Second moments, or Moments of Inertia

I, = ‘H (v + Dpx, v.2)dV, I, = H‘ (x2 + z9p(x, y.2)dV, I = ’H (x? + yHp(x. v, z) dV.
D D
/2 1 1
L, —jf (r? sin H+Zz)r2dzdrd9—j jj(r‘*sm 0 +r2z%)dzdrd6
0 0 r
/2 1 /2 1

2 2 5

— j J (zr4 S @ 32 )] drd = j f {(r4 r>) sin? 6 + (% — %)} drdé
0 0 0

(G g+ (2-7V)| a0 - T 0+ |do

b[ <E_ >sm +<?_1_8> 0 —J <30>51n +18

T T

[ (EE=F) e (G- 8

0

: =120 T 36

clear
syms X y z r t
Ix = int (int (int (r"4*sin(t)"2+r"2*z*2,z,r,1),r,0,1),t,0,pi/2)




Center of Mass (Application)

| Second moments, or Moments of Inertia

I, = ‘H (v + Dpx, v.2)dV, I, = H‘ (x2 + z9p(x, y.2)dV, I = ’H (x? + yHp(x. v, z) dV.
D D
/2 1 1
L, = Jﬂ(r cos? 0 + z*)r?dzdrd6 —j jj(r‘L cos? 0 + r?z?)dzdrd6
) ot ]
w
( 4 .2 r2z3\|' 4 _ .5 2 re r
= Zzr* cos< 6 + 3 drd@—f j (r* —r>)cos“ 6 + 373 drd6f
r 0 0

/
[5G ()

/2 /2
_j 1 1 4+ cos 26 +1 40 — 1 9+51n20 +9 _m +T[_13T[
B 30 2 18 ~\\30/\2 4 18 i 120 36 360

0

clear
syms X y z r t
Iy = int (int (int (r"4*cos(t)"2+r"2*z"2,2z,r,1),r,0,1),t,0,p1/2)




Center of Mass (Application)

| Second moments, or Moments of Inertia

’H (x? + yHp(x. v, z) dV.

I, = ‘H (_\‘: T T,:)p(.\'. Y. z2)dV, I, = H‘ (.\'3 T f:)pt_\'. Y. 2)dV, I. =
D D D
/2 1 1 /2 1
I, = Jﬂ(rz sin® 8 + r? cos? 8)r?dzdrdf = j j]r“dzdrd@ = j j(zr Ldrd6
/2D1 /2 0 0/5
T T T
(4 e r5 6\ 1 T
= J(T' —T')dT'd9= ?—z df = %d9=%
0 0 0 0 0
clear
syms X y z r t
Iz = int (int (int ((r"2*cos(t) "2+r*2*sin(t)"2)*r*2,2z,r,1),r,0,1),t,0,pi/2)




Changing the Order of Integration (mswasusdduvesn1sduiinia)

f Jo (+=3) f (33 )F (x,y,z)dzdydx =  dydxdz
puguldnuang wim D dudeufiedlueenunwif 1 Gugnilndendanszuiuaasiaesfiumiovma 3 52y uas
szwugavinane 2x + 3y + 4z = 12 angl (b) waz asnsaglsnn

6 (4-35 3-3-2 3 (6-27) 4—2-2

3)
3
j j j F(x,y,z)dzdydx = j j j F(x,y,z)dydxdz

dzdydx 06
0093 > 4 004 3

dydxdz . 2x 4z 06— 2z 0«3
0(1@4—?—3—




AIBDEN FILFANNTTIN AALYBINITERANTALENIRT2BITUNNIIUA W

2 8 4 clear
Syms X y z
dzdydx dzdydx = 48 | answerl = int (int(int(1,z,0,4),y,x"3,8),x,0,2)
answer?2 = int(int(int(1,x,0,y*(1/3)),2,0,4),v,0,8)
vV 0 x30 answer3 = int(int(int(1,y,x"3,8),%,0,2),2,0,4)
1
8 4 ys3
dxdzd g=4
ﬂ Y| = dxdzdy = 48 /
v 4
0 0O
4 2 8
____________ 5
dydxdz = f f f dydxdz = 48
\,_\‘3_/ y=8
%4 0 0 x3 X e
3 12—z clear
21 | syms x y z
— 7 — — | answerl = int(int(int(1,x,2z"2,2-2),2,0,1),vy,0,3)
jfj ddedy fj J dXd dy 6 answer?2 = int (int (int(1,y,0,3),x,2z"2,2-2z),z,0,1)
174 00 ZZ answer3 = int (int (int(1,z,0,x"0.5),x%,0,1),vy,0,3)+.
int (int (int(1,2z,0,2-x),%x,1,2),vy,0,3)
12-z 3
U dydxdz =JJ fdydxdz-—
1% 0 z2 O
Jx x

g f dzdxdy

o%w

f

|

dzdxdy +

f

/]

dzdxdy =

bs & Bartlett |




fanting aanannnsuassUnasiiad iuaanumeii 1 Ssgndndarauindon z = 1 — Y2,y = 2x,uez x = 3

clear
syms X y z
answer = int(int(int(1,2z,0,1-y"*2), x, vyv/2,3),vy,0,1)

-
I
S R
L
—1
-
|
>

(b)
a [ % Zl/ a a (% [ % y 1 a a o/ 9:/
72U XY 1ug‘1.| ARLFN DD Type I sl iduinsanauny X a1n E 193 Mmummuwmmumﬁm

Waudu Yy aan 0 e 1 Asriu

1 3 (1-y?) 13 1
H dv = jjj dz dx dy =jj(l—yz)dxdy=f[x—xyz]yizdy
0 Y 0
2
2 4
32 Y Y N NP AP A b P S
J(B 3y? + )dy [331 y 4+8]0_3 1 4+8_8




1.

fanting asnBunsfiinainnisiaiuresmaiusens z = x2 + yz ez = 4 — x° — y

duUNNTaTIUSIe D, 810Unsns1dunnsaieuny Z A9ty

Wi X uaz Y agash, Widen Z 1579gladuniuiuin

ldenddnvesnisaufinianmae (lu xy-coordinates %138 polar coordinates) AstiupBN1ITINYNLEULLLLIAIARAY

U D, duningainuidnnasii double integral vushas R Tussunu xy (et D gnangassnuuszunu X))

N4
— 2 A2 a2 =
\/E 2 y 4—x y Z:x2-|-y2
V=deV= f f f dz dx dy 14
D —V2 - fJ2—yZ x*+y*
- _ 2 A
2 2 4—12 21 2 L =X+
jj j dzrdrd@-jj "” rdr dé .
X T Y
27'[\/_ \\‘:—’i :
=4 —x*—y*
jj(él Zrz)rdrde—j [21‘ — — \/_d9—4n
0 clear
syms X y z
answer = int (int(int (1, ...
Z,X"2+y"2,4-x"2-y"2),
X,—-sqrt (2-y*2),sqgrt(2-y*2)), ...
y,—-sqgrt (2),sqgrt(2))




2

fandng asnLEnsTiagnne iy x?% + yz +z2=1 WABENTENBNNTINTIY x? + y2 =Z

2t /2 1
V=ﬂJdV=2J f Jpzsinqbdpdqbdé’
D 0 m/4 0

1 1 22w
:2(5)(\/_7)(2n) =3

clear
syms rho phi theta
answer = 2*int (int (int (rho”2*sin(phi),rho,0,1),phi,pi/4,pi/2),theta,0,2*pi)




Cylindrical Coordinates (ffanssnszuan)

Cylindrical coordinate system t{lun19398 Afinda (polar) 3B99ALINTENIL XY FURTAKINBNIZUNY
Z sauanslugtl Afiamsenszusn (Cylindrical coordinate Juasqn P gnuanslag (1, 8, Z)

z = constant (plane)

r = constant

@ = constant ?
(cylinder)

X (plane)
(a) (b)
A15MURINNANSINSSUBN —=ANARIA

angUAmuns Adean (X, Y, 2) assge P anwnsamfainineanssnszuen (1, 8, 2) las
X =1rcosf,y=rsinb,z=1z
NSLUMIANNARIN —DANANSINSTLUBN

fraan (X, Vv, 2) waslhdu Rdanssnszuan (1, 0, 2)) 1as

r? =x?% + y?, tan9=X Z=2Z

Y




Cylindrical Coordinates (ffanssnszuan)

AIBEIN

7T o/ a o
F9uLla9 (8,5, 7) = (1, 0, z) fdanssnszuan — (X, Y, Z) Afeain

Favin (8,%, 7) = ( 4, 4+/3 ,Z) Tuifimann

rcos@ rsinf@ =z




Triple Integrals Cylindrical Coordinates
(@uwm@mu%u?uwﬂﬂwsaﬂsvuaﬂ)

f2(1.,0) B 92(0) fo(r.6)
W F(r,6,2)dV = U f F(r,0,2)dz | dA = f f j (0 B e
D

R \f1(r,0) a g1(8) f1(r.0)

z=f(r, 0)

rd@

\‘\_\ =dz




Spherical Coordinates (Ananssnas)

¢ = (CU”S“)"“ @ = constant
cone
(plane)
S~ p Xy2) Q
i or
L (p. 0. )
o/ 1
2o
|
SR Y 2
y Q p = constant
0 (sphere)

(b)

A15LURIANANSINAN = NNARIN
ftenssnan (p, @, 0) uwasluidfin Adaain (X, y, 2) las

X = ||0_Q)|| cosf,y = ||0—Q>|| sinf,z = ||0—P>|| COS ¢ uazangyl ||W2)|| =psing
x=psinpcosB,y=psinepsinf,z=pcos e

115U URIRNANSINAN = NNANTINSLUDN
ftenasnan (p, @, 0) wasihiin Adanssnszuan (1, 8, 2) las

r=psing, 6 =20, Z = pCcos Z“;'::




Converting Coordinates (nsudasiiiin)

AIBDEI

T 1T iy ~ o
asuilas (6, 2 E):('D’ ¢, 0) Aranssnan — Anaain (X, Y, Z)
LAz Aanasnan — Anansenszuan (1, 6, 2)

—6 _T[ H—T[
p = ,qb—4,u,m =3

S 6,%,%) — (Bf, 3\2/5, 3\/5) TuRdARn

(6,%,2) — (3\/2%, 3v/2) Mufitansenszusn




Converting Coordinates (nsuuasiiin)

A1SHURINNARIN = NNANSINAN
fafdaan (X, Y, 2) wasiidiwsenan (p, @, 0) lag

p=+Jx2+y2+ 22, ¢ = cos”

1 Z —17Y
x

\/x2+y2+zz'

nsaufinsasuduluszuuineansenan (Triple Integrals in Spherical Coordinates)
91050 U3nmsgUanTuszuufitanssnan (p, @, 0) Uszunodn (il

dV =W x L x H =dp X pd¢ X psin¢ dd = p?sin ¢ dpdpd6

Taeminll nsBufindaasiuduszunRianssnan qyglugll peies Ae\
B 92(0) f2(¢.6) psin ¢~
f— 2 o 7
D

a g1(0) f1(¢,0)




aVv =[/L/ X é X 5 -
(pdd) (psin¢pdf) (dp)

psin ¢ A6
-9

Ex. Volume of Sphere with Radius R

P sin ¢/

sl

Ag

import sympy as sp
# Define symbolic variables ___,J'>\
rho, phi, theta, R = symbols('rho phi 69

theta R'")

# Define the integral

integral =
Sp.integrate (sp.integrate (sp.integrate
(rho**2 * sp.sin(phi), (rho, 0, R)), t

(phi, 0, sp.pi)), (theta, O,
2*sp.pi))
integral




Divergence (Tawaadiand)

dnauudmmesii 3 88 F(x,y,z) = Pi + Oj + Rk uaalanesiautaas F fs
oP 00 OR
F=—+—=+
ox 0y Oz

é%i+ 0, . gk ,F(x,y,z) = Pi+ Qj + Rk suiu V-F =

oP 00 OR

ox 0y Oz

V:

EXAMPLE IfF(x,y,z) = xzi + xyzj — y*Kk, find div F.



Divergence Theorem (nquijlmaasiand)

* nquflmaasiand Auszlamitunisnifinieesannis

1 (4 a
AUIHLNLARN AN Az aN NS (B Las aRIRNE (N5 (Maua9
ABILIART)

W D iwsnadiauazgniledenlu 3 A8 sasrauinEausiailaiudieg S @efiiavsann
F(x,y,z) = P(x,y,2)i+ Q(x,y,2)j +R(x, y, 2)K fluauninnaiss

1 ' v &1 v & 1 ' ) a : (= o &
P, Q, R sadlasuareyiuseiazasnanduisiaiasdias s D sl

[fwmas = ([ awvrav

S
~ = 3 ¢ = ] A & o A A
TG]?;I‘V] N AIBLIALEID TR WIBIVICINR TN LUNND S



Aragne nvuali D Lﬂuu?mm*ﬁmﬂmﬁﬂmé’mm’éwmﬂ@u x?+y2 4+ (z— 1)2 =9,1<z<4uay
o _ \'\ +v+(z-1)2=9

svy Z = 1 asigaingu]lanediauddn F = x1 +yj+ -1k "t J:f o
Triple Integral angasisnidn div F=3 sk T

ﬂ dideV:fUBdV:54n >"%j Ls, z=1
D D

Surface Integral waunsnidielad HS = HS + HS Tner S AaATansenay waz S, Aaszunll
1 2

z=1d& S;Aasurface a1 g(x,y,z) =x2 +y? + (z—1)? -9 Fatha Lfmwaé’mifmﬁvﬂm@ﬂﬁﬂ
Vg 2xi+2yj+2(z—-—1Dk  xi+yj+(z—- 1k

n=—= =
Vel J4x2 + 4y2 + 4(z — 1)2 3
x?2 y?2 (z—-1%* 9
F' = =—=3
n=gt3+t 73 3

—-X _y

ooy iy = i
ffgl F-nds = ff 3(w)d14 — 9f2n f3(9 — rz)_l/zrdrde = 541

dmiu Syunnmesnieiieenie = —K saluF - n = —z + 1 wiiflesanniiszunuililen z = sl

Lﬁ@\‘mﬂz = f(x,y) = \/9 — x2 — y2+1 ﬁ'\jﬁ/u fx —

F'n:_Z+1:—1+1:O clear

Syms X y z
field = [x y z-11];

vars = [x y z];
jf F " dS — 5477: + O = 547—[ answerl = int (int (int (divergence (field,vars), ...
zZ,-sqrt (9-x.72-y."2),sqrt (9-x.72-y."2)), ...

Sl y,-sqrt (9-x.72),sqgrt (9-x.72)),x%x,0,3)




paasine aslinguglavefiaud A wmandnnesn ffs (F-n)dS m@mumlf?mmﬁF = 2xzi + 5y?j —

2

z?K e D Aesinigniladendanauns z =Y,z =4 —y,z = 2 — x X=0uzz=0

divF =2z + 10y — 2z

JJ(F-n)ds=g div F dV

2 1 5 2

- 250
j 10ydy dz dx = j J 5[(4 — 2)?—z%]dzdx = J j (80 — 40z)dz dx
z 0 0

|

2

1 1
<80(2 — Exz) —20(2 — Ex2)2> dx = J 80 — 5x*dx = 80x — x5|(2) =128

OS NORNIH

0
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Change of Variables in Multiple Integrals

(mfsm@ﬂumLLﬂs?u@uwﬂ‘m%mﬂw)

‘f’ﬁf(x) saviieclugns [@, b], x = g(u) fewiusiseiies uda dx = g’ (u)du suiu ‘

b d
| readx = [ Fgw)g au

b d
| readx = [ flgeoyadu

dx
J(u) = T




Change of Variables in Multiple Integrals

(mfsm@ﬂumLLﬂs?u@uwﬂsa%mﬂ%u)

* U19A59 NSLUATUAILUSVRIBUNNSAINNALALNBN LAV DILU &
AMUINTU LNBYINBUNALATUR Y30Us Iz dunRnINlvegly

sUkUUNg)
If Fis continuous on R, then
( ‘ F(x.v)dA ; ‘ F(f(u. v), elu. v)) )' ;\,‘ ::: dA’ . (11)
dx Ox
a(x,y) _ B G _ dxdy 0x0dy d(x,y)d(u,v)
d(u,v)] |9y O0y| |dudv 0dvou o(u,v)d(x,y)
Ju 0v




o . . - 2 y
AIBLNY FINIAN f fR xy dA 139 R Auamslugy y = 4x2
&+
4%\/7 25% vy 100% % - 1003\_- g
jjxydxdy+J fxydxdy+ nydxdy y=25%
11 1 1 T M
% 43 \/% 253 \/% y=4%__ R
1 1 1 ~—
43 253 1003 N 0N _—
1 1 1 y 1/25 vy i —y=1 W=
S|y oz )ydy + E(y—z)ydy+ S\5z 7)Y ry=1]
1 1 1 t i { } f v
43 253
1 1 1
i 43 i i 253 5 | 1003 55 >
y y
— 22 )dy+-= 2 _—\dy+-= — -
| (25 ez [ (25 )ares [ (5-5)o
1 1 1
43 253
1[3’3 ] 3 1[3’3 3’3]25% 1[ ¥*] 1003
== —Ilny|43 +z|=-=|“% +5|255my —=|
213 1 213 12 43 2 12 7c3
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