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Green’s Theorem (ngufjunaasnau)
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George Green (1793—-1841)

George Green

Green’s Theorem is named after the
self-taught English scientist George
Green (1793-1841). He worked full-
time in his father’s bakery from the
age of nine and taught himself math-
ematics from library books. In 1828 he
published privately An Essay on the
Application of Mathematical Analysis
to the Theories of Electricity and Mag-
netism, but only 100 copies were
printed and most of those went to his
friends. This pamphlet contained a
theorem that is equivalent to what we
know as Green's Theorem, but it didn't
become widely known at that time.

Finally, at age 40, Green entered
Cambridge University as an under-
graduate but died four years after
graduation. In 1846 William Thomson
(Lord Kelvin) located a copy of Green’s
essay, realized its significan e, and
had it reprinted. Green was the first
person to try to formulate a mathe-
matical theory of electricity and mag-
netism. His work was the basis for the
subsequent electromagnetic theories
of Thomson, Stokes, Rayleigh, and
Maxwell.
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Proof :Green’s Theorem (Rgasinguijunaasnsy)
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Green’s Theorem (ngufjunaasndu)

ALY NN B UNYBINTH import sympy as sp

% o 2 2 t = sp.symbols('t"')

i C dluduseusenan (x — 2)“+y“ =1 x, y = 2 + sp.cos(t), sp.sin(t)

x2 F = [y * sp.exp(-x), x**2 / 2 - sp.exp(—-x)]
! —X s —X sol = sp.integrate(F[0] * sp.diff(x, t) + F[1] *
TIIAN S66 Ve dx + (2 € )dy sp.diff(y, t), (t, 0, 2 * sp.pi))
print (sol)
2
e o _ X _ » OP —+ 0Q _
agvin P(x,y) = ye x,Q(x,y)Z?— X favin 3y — € x,a=x+e X
2t 1

ﬂ (’)_Q_G_P dA = ﬂdi ff(2+rc059)rdrd9—2n

wnan(x — 2)2+y2 =1wis x —2=7rcosB ,y=7rsin0,dx = —rsin0df,dy = r cos 8 do

A
x? 4+ 4cos 0 + cos?0
f (ye ™ )dx + (7 — e_x> dy = f —(sin6 e=(+c0s6)) 5in 0 dg + ( > — g~ (2+cos 9)> cos 6.dO =?

import sympy as sp
X, y = sp.symbols('x y")

F = [y * sp.exp(-x), x**2 / 2 - sp.exp(-x)]
dQdx dPdy = sp.diff(F[1l], x) - sp.diff(F[0], V)
sol sp.integrate (sp.integrate (dQdx dPdy, (x, 2 - sp.sqrt(l-y**2), 2 + sp.sqrt(l-y**2))), (y, -1, 1))

print (sol)




In Problems 21 and 22,
given closed curve C.

21. 22,

(-1. 1) (1;1)

(-1,-1) (1,-1)

FIGURE 9.8.17 Closed curve
C for Problem 21

evaluate gﬁC
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Xy dx — xy~ dy on the

HW
Green’s Theorem

FIGURE 9.8.18 Closed curve
C for Problem 22

import sympy as sp

X, y = sp.symbols('x y"')

F = [x**2 * y**3, -x * y**z]
curl = sp.diff(F[1], x)
sol =

print (sol) #21

- sp.diff (F[O],
sp.integrate (sp.integrate(curl, (x,-1,1)), (y,-1,1))

y) #dQdx-dPdy

import sympy as sp

X, y = sp.symbols('x y')

F — [X**Z * y**3, -x * y**2]
curl = sp.diff(F[1], x)

sol =

print (sol) #22

- sp.diff (F[O0],
sp.integrate (sp.integrate (curl, (x,0,v/2)), (y,0,4))

y) #d0odx-dPdy




Application : Finding Areas with Green's Theorem
(msuszandlininfishanguiunassnis)

Another application of the reverse direction of Green’s Theorem is in computing areas.
Since the area of D is ||, | dA, we wish to choose P and Q so that

Q@  IP |
dx Ay
There are several possibilities:
P(x,y) =0 P(x,y) = —y P(x.y) = =3y
O(x,y) = x Q(x,y) =0 Q(x,y) = 5x

Then Green’s Theorem gives the following formulas for the area of D:

— - ) — — ) *:]— - ) — Y -
A—.CFC,X dy ﬁ}- dx zﬁa dy — ydx




Application : Finding Areas with Green's Theorem
(msUszandlniuidhanguijunassnis)
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Application : Finding Areas with Green's Theorem
(msuszandlininfishanguiunassnis)

X%
EXAMPLE Find the area enclosed by the ellipse — + 'l, = 1.
a: h?

SOLUTION The ellipse has parametric equations x = acos f and y = b sin 1, where
0 =< t = 2. Using the third formula in Equation 5, we have

A = % xdy — vdx
“ WC l .

(JT (acost)(bcost)dt — (bsint)(—asint) dt
)

*2ar
dt = mab
JO




A planimeter 1s an ingenious mechanical
instrument invented in the 19th century for
measuring the area of a region by tracing its | pole arm
boundary curve. For instance, a biologist [
could use one of these devices to measure
the surface area of a leaf or bird wing.

pivot

Figure shows the operation of a polar
planimeter: the pole i1s fixed and, as the
tracer 1s moved along the boundary curve
of the region, the wheel partly slides and
partly rolls perpendicular to the tracer arm.  FiGuRE

The planimeter measures the distance that A Keuffel and Esser polar planimeter
the wheel rolls and this is proportional to

the area of the enclosed region.

e R. W. Gatterman, “The planimeter as an example of Green’s Theorem™ Amer. Math. Monthly, Vol. 88 (1981), pp. 701-4.

e Tanya Leise, “As the planimeter wheel turns” College Math. Journal, Vol. 38 (2007), pp- 24-31.



Extended Versions of Green’s Theorem
(WANBNNUHUNTDINGY)

; °({0Q oP
[ Pdx+ Qdy = U (‘,Q = ‘—) dA
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JoU(-cy) ' JJ \ ox dy

If we add these two equations, the line integrals along C3 and —C; cancel, so we get

a0 ) P
Pdx + Qdy = H (L—(—> dA

JCNIC; 0X

00

which 1s Green’s Theorem for D = D; U D, since its boundary 1s C = C; U (.



Extended Versions of Green’s Theorem

a a a a
(WANLFNNGEGUN2DINTU)
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EXAMPLE 5 IfF(x,y) = (—yi + xj)/(x* + y?), show that | F  dr = 217 for every

positively oriented simple closed path that encloses the origin. d

C
Since C 1s an arbitrary closed path that encloses the origin, /_//\c' ‘
it’s difficult to compute the given integral directly. @// x
So let’s consider a counterclockwise-oriented circle C’

with center the origin and radius a. where a is chosen to be small enough that C" lies
inside C. (See Figure 11.) Let D be the region bounded by C and C'. Then its positively
oriented boundary is C U (—C') and so the general version of Green’s Theorem gives

N . of s ) ) HP S s -.2 s '.2
. P(/.\'+ch)'+’ P(I.\'+Q(I)'=“((_{‘ —'—)dA =H '\, \,1— -‘, \” dA =0
Je J-¢ s ox dy s x>+ ¥°)° 64 b s

Therefore | Pdx+ Qdy=[ Pdx+Qdy thatis, [ F-dr=| F-dr

We now easily compute this last integral using the parametrization given by r(f) = acos ti + asint j, 0 =< 1 =< 2. Thus

2
— — dt = dt = 27
JO a“cos t + a-sin‘t JO

2 "er (—asint)(—asint) + (acos t)acost)

Fedr= | F-dr= {"F(rm)-r'(:)m -
JC' J0



Green’s Theorem (ngufjunaasniu)

% 1 v o) £ a 1
gaaeing 9V ufuneedniy i1 C dwdusauwnad x2 + y2 = 1 qeiigasidn
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¢ R
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(y?2 = 7y)dx + 2xy + 2x)dy =

ﬁk_e*ﬁ

import sympy as sp

# Define symbols

X, y, t = sp.symbols('x y t', real=True)

# Define the vector field components

P = y**2 - T*y

Q = 2*x*y + 2*x

# Parameterize the circle x? + y2 =1

X param = sp.cos(t)

y _param = sp.sin(t)

# Substitute parameterization into P and Q

P param = P.subs([(x, x param), (y, y param)])
Q param = Q.subs([(x, x param), (y, y param)])
# Compute derivatives dx/dt and dy/dt

dx dt = sp.diff(x param, t)

dy dt = sp.diff(y param, t)

# Form the integrand: P (dx/dt) + Q(dy/dt)
integrand = P param * dx dt + Q param * dy dt
# Evaluate the integral from 0 to 2m

result = sp.integrate(integrand, (t, 0, 2*sp.pi))




Green’s Theorem (ngufjunaasniu)

import sympy as sp
# Define symbols
X, y, t = sp.symbols('x y t', real=True)

# Define the vector field components

P = y**2 - T*y
Q = 2*x*y + 2*x
# Parameterize the circle x? + y2 =1

X param = sp.cos(t)
y_param = sp.sin(t)

# Green's Theorem
dQ dx = sp.diff(Q, x)
dP dy = sp.diff (P, y)

# Convert to polar coordinates for the double integral
r, theta = sp.symbols('r theta', real=True, positive=True)

curl = dQ dx - dP dy
curl polar = curl.subs([(x, r*sp.cos(theta)), (y, r*sp.sin(theta))])

# Double integral over the unit disk

integrand polar = curl polar * r

result green = sp.integrate (integrand polar, (r, 0, 1), (theta, 0, 2*sp.pi))
print (£"\nUsing Green's Theorem: {result green}")

@ Sharpshot/Dreamstime.com Copyright @ 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com



Green’s Theorem (ngufjunaasnsu)
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import sympy as sp
# Define symbolic variables
X, y = sp.symbols('x y'")

# Define the vector field
F = [x**2 - y**2, 2*y - X]

(dQ/dx - dP/dy)
[1], x) - sp.diff(F

# Compute curl=
curl = sp.diff (F (01, v)

# Double integral over the given region

Cl = sp.integrate(sp.integrate(curl, (y, x**3,
xX**2)), (x, 0, 1))

print (C1l)




Green’s Theorem (ngufjunaasnsu)
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import sympy as sp

# Define symbolic variables
X, y = sp.symbols('x y')

# Define the vector field F
F o= [x**2 - y**2, 2*y - X]

# Define parameterized curves
Cl = [x, x**3] # First boundary curve
C2 = [x, x**2] # Second boundary curve

# Compute derivatives of parameterized curves
dCl = [sp.diff(C1[0], x), sp.diff(Cl[1l], x)]
dC2 = [sp.diff(C2[0], x), sp.diff(C2[1], x)]

# Compute line integrals along each curve

soll = sp.integrate(sp.Matrix (F) .subs({x: C1[0],

Cl[1l]}).dot(sp.Matrix(dCl)), , 0, 1))

(x
sol2 = sp.integrate(sp.Matrix (F) .subs({x: C2[0],
(x

C2[1]}) .dot(sp.Matrix(dC2)), , 1, 0))

# Compute total integral
sol = soll + sol2

# Print the final result
print (sol)

y:

&




Green’s Theorem (ngufjunaasniu)

AIBES  9IUAN Sﬁc (x5 4+ 3y)dx + (2x — eys)dy Tagdt € ifiwasnan(x — 1)2+(y — 5)%= 4

1 P(x,y) = x5 + 3yus: Q(x,y) = 2x — e¥”
. 0P

aQ
At — = 3uay — = 2
W uaz =

f}g (x5 + 3y)dx + (2x — e¥”)dy
c

Flasaniufluasasnan fa Tr? = 41
v area 1s import sympy as sp
1 4 # Define symbols
‘/ X, y = sp.symbols('x y'")
4 # Define the vector field F
F = [x**5 + 3*y, 2*x - sp.exp(y**3)]

# Compute dQ/dx - dP/dy
curl = sp.diff(F[1], x) - sp.diff(F[0], ¥)

# Define integration limits

=L y lower = 5 - sp.sqgrt(4 - (x - 1)**2)
(Y—|)2+()“—5 2=-4 y upper = 5 + sp.sqrt(4 - (x - 1)**2)
T # Compute the double integral
sol = sp.integrate(sp.integrate(curl, (y,y lower,y upper)), (x,-1,3))

print (sol)




Green’s Theorem (ngufjunaasniu)

fating awnsuiignvinlneuss F = (—16y + sinx2)i + (4e” + 3x2)j ansdulévila C daq

W = f F.dr = f(—16y + sinx?)dx + (4e¥ + 3x?)dy
% C

AT AIHUAILNGEILUNIBINTY ffR (6x + 16)dA snguwsum R 95t Polar coordinates iasain R #s

0< <1n<e<3n ’
=r=5y=v=7

31

31T
w= [ f01(6r cos 0 + 16) rdrdf = [z* [2r° cos 6 + 8r?] d6
4 4

i

import sympy as sp
X, Yy, r, t = sp.symbols('x y r t')
# Define the vector field

F = [-16*y + sp.sin(x**2), 4*sp.exp(y) + 3*x**2]

# Define the Contour parameterization

C = [r*sp.cos(t), r*sp.sin(t)]

# Substitute contour coordinates into dQdx dPdy

curl = sp.diff(F[1l], x) - sp.diff(F[0], V)

integrand = curl.subs({x: C[0], y: C[1l]})* ¢

sol = (sp.integrate(sp.integrate(integrand, (r, 0, 1)), (t, sp.pi/4,

sp.pi*3/4)))

it (o)
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import sympy as sp

# Define symbols
X, Yy, ¥, t = sp.symbols('x y r t'")

# Define the vector field
IT=" OB Retga [ e 28 St ]

# Compute dQ/dx - dP/dy
dodx dPdy = sp.diff (F[1], x) - sp.diff (F[0], y)

# Define the C contour parameterization
C = sp.Matrix([r*sp.cos(t), r*sp.sin(t)])

# Substitute contour coordinates into dQdx dPdy
A = dQdx dPdy.subs ({x: C[0], y: C[1]})

# Compute the surface element dS

r deriv = sp.diff (C, r)

t deriv = sp.diff(C, t)

dS = r deriv[0]*t deriv[l] - r deriv[l]*t deriv[0]

# Compute the surface integral
result = sp.integrate(sp.integrate(A * d4S, (r, 1, 2)), (t, 0, sp.pi))

print (result)
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