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Line Integrals (dwiinsaninvau)

- B 1O Line Integral that is similar to a single
3 integral except that instead of
A integrating over an interval [a, b], we
(a) Smooth (b) Piecewise- integrate over a curve C.
S e AB LL;E;?;@‘;S;L’Q{E@ d Although “curve integrals” would be
A=p  Ci G Cylildiumaoosiv 3

B stooth curve better terminology.

O They were invented in the early 19®

A=RB century to solve problems involving
fluid flow, forces, electricity, and
(c) Closed (d) Simple .
but not closed magnetism.
simple curve

Various curves



Line Integrals (dwiinsaninvau)

Definition 9.8.1  Line Integrals in the Plane

W [ duiefiunfisesdiaulsie X, ¥ uasis X, ¥ gniovualfiegluBuubesiussuuidulbedeu C e

(i) The line integral of f along C from A to B
with respect to x is

n

,f(.\'. y)dx = lim Zf(u yi) Ax;.
JC

IPll=0 =1

(ii) The line integral of f along C from A to B
with respect to y is

n

’f(.\'. y)dy = lim me Vi) Ayy.
v

H/’il—»() k=1

(iii) The line integral of f along C from A to B
with respect to arc length is

lf(.\'. y)ds = lim Zf(\A yi) Asj.
JC

IPI|—=0 =1

Yy

X

Let ||P|| be the norm of the partition or
the length of the longest subarc.



Line Integrals (dwiinsaninvau)

a1 C uanlaadeu (smooth curve : [mngaam I (t) saidesuas I’ (t)20)fignmafimes
me x = x(t),y = y(t),a < t < b wdemwaunsiawes r(t) = x(t)i + y(b)j
ﬁqﬁuhﬂayﬂué (differential) w1 dx, dy, uas ds e x' (t)dt, y' (t)dt was

\/[x’(t)]2 + [y (£)]? dt neman ds = /(dx)? + (dy)? = /[x' (©)]2 + [y’ (t)]? dt

QNEENIT ANBUILEYBIANNYTIEIULAY (differential of arc length) MsBuAnsmAguRudwls t

Lanerasaluil

b
] i ) = f F(x(©), y()x' (E)dt
C a

b
| r@yay = [ Fx@.y@)y'@de
C a

b
j el = f F(x©®, yOWIF OF + [y (OFdt
C a




Line Integrals (auinsaniniau)

soman () fC xy?dx,
vumamesvesrnal Clas x = 4 cos(t),y = 4 sin(t),0 <t < m/2

(b) J. xy*dy,

(© J xy*ds

.\.

(0,4)

- —

TR

import sympy as sp

# Define the symbol and the parameterization

t = sp.symbols('t"')
X = 4 * sp.cos(t)
y = 4 * sp.sin(t)

==

Define the vector field
F=x * y**2

# Compute the dot products

Fdx = F * sp.diff(x, t) # F * dx

| Fdy = F * sp.diff(y, t) # F * dy

t)**2 + sp.diff(y,

0, sp.pi/2))
0, sp.pi/2))
0, sp.pi/2))

(4,0)r=0 Fds = F * sp.sqgrt(sp.diff (x,
t)**2) # F * ds
# Calculate the integrals
ansl = sp.integrate (Fdx, (t,
ans2 = sp.integrate (Fdy, (t,
ans3 = sp.integrate(Fds, (t,
ansl, ans?2, ans3

Answer: a) — 64, b) 16m, c)256/3 ‘




Line Integrals (dwiinsaninvau)

s (@) [ xy?dx, (b) J. xy*dy, (o). xy®ds
vumamesvesrnal Clas x = 4 cos(t),y = 4 sin(t),0 <t < m/2

(a)JC xy?dx = f 4 cos(t) (4 sin(t))?(—4 sin(t))dt = —256J sin3(t) dsin(t) = —64
c c

1 — cos4t
2

(b)-[c xy?dy = jc 4 cos(t) (4 sin(t))?(4 cos(t))dt = 64]6 sin?(2t) dt = 64fC < )dt = 167

(c)j xy?ds = j 4 cos(t) (4 sin(t))?y/16sin2(t) + 16cos2(t) dt = 256] sin?(t) dsin(t) = ?
C C C




In Problems 1-4, evaluate [~ G(x, y) dx, |- G(x, y) dy, and
[ G(x, y) ds on the indicated curve C.
1. G(x,y)=2xy;x=35cost,y=3sint,0=r=m/4
2. G,y)=x+2xy*+2x;x=2t,y=1t,0=r=1
3. G(x,y)=3x+6yy=2x+1,-1=x=0
4 G(x,y)=xIV:2y=3x"",1=x=8




‘ l/4 i _ ‘/‘ . '/4 :
1. f Bioag i / 9(5 cos ) (5sint)(—5sin t) dt = —250 / sin?t cos ¢ dé = —250 (%sins t) _ 152
& 0 0 /o

" 250 (1 B _\/_g)_ 125

%/4 =/4 P
./szydy = / 9(5 cos £)(5sin £)(5 cos £) dt = 250/ cos? tiintdt = 250 (—-;- cosa-t)
1] 0
0

=/4

7 /4 i , = /4
f%yda:/ 2(5003t)(5sint)\/2581n2t+250053tdt=250/ sintcostdt = 250 (%.sin‘*‘t)

0

/(.'c +m2+2z)dx-f (86 4 2(2)(#4) + 2(20)]2dt = 2/ (869 4 4% + At) dt = 2(2:4 3t‘+2t=)

0

3,9 ‘ = 3 | == ropd 6 =,8_ _%7:1__3
fo(z +2::y2+2z)dy—/o [8t* +202t)(¢ )+?(u)]ma-2[) (8t + 466 + 46%) at 2(5t5+7t +3,t)0

1
8

== -1
0

[+ 20 201 ds = [+ 20006 + 20T =s [ 10+ 272 a =5 (Fa+272)
(& 0 0

’ 0 A
3. / (322 + 6y?) dr =/ (32 + 6(2r + 1)2] d
(34 ) J-1 "

]
=/ (2727 + 24z + 6)dr = (92% + 12:% + 62)] = —(-9+12—6) =
-1

-1

/ (322 + 6y?) dy = f (322 + 6(2r + 1)2]2dr = 6
Jr -1

/(3z3+6y=)ds=/°[3a3+6(2z+1)?]s/'mctx=3s/§

*fy* fzrsﬂ/s 27/"’;?

N £
g 8 apan 4 ap
/y“d" 7"‘/8 d 27[: dz = g&

1

A
i

8

8 {"‘ Y - 8
= \/ —2/V o = e | —113\/ 2 — 2/3,3/2
/;5"3 /T 1+ a2 de b l.z 1+ d::_27(l+a.- ] ,

= Ef(;,s/a — %2




In Problems 1-4, evaluate [~ G(x, y) dx, |- G(x, y) dy, and
[c G(x, y) ds on the indicated curve C.

1. Gx,y)=2xy;x=35cost,y=35sint,0=r=m/4

import sympy as sp

Define the symbol and the parameterization
= sp.symbols('t")

= 5 * sp.cos(t)

= 5 * sp.sin(t)

X o #=

=

Define the vector field
G =2 *x*y

# Compute the dot products

Gdx = G * sp.diff(x, t) # F * dx

Gdy = G * sp.diff(y, t) # F * dy

Gds = G * sp.sqgrt(sp.diff(x, t)**2 + sp.diff(y,
t)**2) # F * ds

# Calculate the integrals

ansl = sp.integrate(Gdx, (t, 0, sp.pi/4))
ans2 = sp.integrate(Gdy, (t, 0, sp.pi/4))
ans3 = sp.integrate(Gds, (t, 0, sp.pi/4))
ansl, ans2, ans3




In Problems 1-4, evaluate [~ G(x, y) dx, |- G(x, y) dy, and
[c G(x, y) ds on the indicated curve C.

2. G, =x+2xy"+2x;x=2t,y=1t>,0=t =1

import sympy as sp

Define the symbol and the parameterization
= sp.symbols('t")

=2 * t

= t*x*2

X o #=

=

Define the vector field
G = X**3 + 2*x*y**2 4+ 2*x

# Compute the dot products
Gdx = G * sp.diff(x, t) # F * dx

Gdy = G * sp.diff(y, t) # F * dy
Gds = G * sp.sqgrt(sp.diff(x, t)**2 + sp.diff(y,
t)y**2) # F * ds

# Calculate the integrals

ansl = sp.integrate(Gdx, (t, 0, 1))
ans2 = sp.integrate(Gdy, (t, 0, 1))
ans3 = sp.integrate(Gds, (t, 0, 1))
ansl, ans2, ans3




In Problems 1-4, evaluate [~ G(x, y) dx, |- G(x, y) dy, and
Jc G(x, y) ds on the indicated curve C.

3. G(x,y)=3x+6y;y=2x+1,-1=x=0

import sympy as sp

# Define the symbol 'x' and parameterize 'y' in terms of 'x'
X = sp.symbols('x")

y = 2*x + 1 # y is defined as a linear function of x

# Define the vector field 'G' in terms of 'x' and 'y'
G = 3*x**2 + 6*y**2 # The vector field G

# Compute the dot products wrt 'x' and 'y'
# F * dx: Differentiate 'x’ wrt 'x'
Gdx = G * sp.diff(x, Xx)

# F * dy: Differentiate 'y’ wrt 'x'
Gdy = G * sp.diff(y, Xx)

# F * ds: Calculate magnitude of differential displacement (dx,dy)and multiply by F
Gds = G * sp.sqgrt(sp.diff(x, x)**2 + sp.diff(y, x)**2)

# Perform the integrals of the dot products wrt to 'x' over the interval [-1, 0]
ansl = sp.integrate(Gdx, (x, -1, 0)) # Integral of Gdx over x from -1 to 0
ans2 = sp.integrate(Gdy, (x, -1, 0)) # Integral of Gdy over x from -1 to O
ans3 = sp.integrate(Gds, (x, -1, 0)) # Integral of Gds over x from -1 to 0

# Return the results of the integrals
ansl, ans2, ans3




In Problems 1-4, evaluate [~ G(x, y) dx, |- G(x, y) dy, and
[c G(x, y) ds on the indicated curve C.

- % 3 2/3
4, Glx,y) =xy;2y=3x",1=x=8

import sympy as sp

X = sp.symbols('x")

y = 3/2 * x**(2/3) # Parametrize y
G = x**2 / y**3 # Vector field

# Compute dot products and integrals in one step

Gdx = G * sp.diff(x, x)

Gdy = G * sp.diff(y, x)

Gds = G * sp.sqgrt(sp.diff(x, x)**2 + sp.diff(y, x)**2)

# Integrals over x from 1 to 8

ansl = sp.integrate(Gdx, (x, 1, 8))
ans2 = sp.integrate(Gdy, (x, 1, 8))
ans3 = sp.integrate(Gds, (x, 1, 8))

ansl, ans?2, ans3




A28819 ﬁ]mhwauﬁﬂ%’afc yzdx +xdy gla C Aa x2+4y2=4

The exact answer may be found using the parametrization

xr=2¢c08t

N <1t <2n. /«»\ .

We calculate that

5
/ y dx +xdy
C

igure The L“lp\L &)

27
/ (sm t(—2sint) + 2 cos’ r)
0

21
:f (2(1 —cos” t)(—sint) + 1 + cos 2t) dt
0

. >
(2cost — %cos%—l— f -+ %stt)]nﬁ — 271,

import sympy as sp
t = sp.symbols('t'")

X, y =2 * sp.cos(t), sp.sin(t) # Parametrization of the curve

F = [y**2, x] # Vector field

# Compute the dot product and integrate

sol = sp.integrate(F[0] * sp.diff(x, t) + F[1] * sp.diff(y, t), (t, 0, 2*sp.pi))

sol



Line Integrals (dwiinsaninvau)

gt Budindanuiay fC y2dx + xydy fiaumsunuuaziaums C neluil

C:x=2t+1, y =4t + 2, 0<t<L1
C:x = t?, y = 2t2, 1<t<+3
C:x = Int, y = 2Int, e<t<e’

: 1 1 1
/ y2dr + rydy = / (4t + 2:)2‘2 dt + / (2t + 1)(4t + 2)4dt = / (64t + 64t + 16) dt
C 0 Jo 0
1

64 , 5 64 208
= | —t° + 32t° + 16t = —+ 32+ 16 =
(:3 L ) 3 3
0
. s V3 i . g 8 8
/ y? dr —+—u/du—-/ (2t) dt + / 2t'1(4t)dt=/ 16t° dt = =t° =72 = = =
Cs 1 J1 F 1 - 3
1
ed 1 47’3 ‘) e3 _| 63
/ y2dr + rydy = / A(Int)?=dt +/ 2(Int)?= dt = / —(Int)?dt = (_lnl‘)3
Cs iy 48 t i t g | & 3 .
8 o7 _ 1 208
=3l =73



Line Integrals (dwiinsaninvau)

INGAUINBUNNTARLEY fC yZdX + xydy fanwmdunuumaziaunis C aeludl

C:x=2t+1, y = 4t + 2, 0<t<1

C:x = t?, y = 2t%, 1<t<+V3

C:x =Int, y = 21Int, e<t<ed

import sympy as sp

t = sp.symbols('t")

X, y=2*t +1, 4 * t + 2 # Parametrization of the curve

F = [y**2, x * y] # Vector field

sol = sp.integrate(F[0] * sp.diff(x, t) + F[1] * sp.diff(y, t), (t, 0, 1))
sol

import sympy as sp

t = sp.symbols('t")

X, y = t**2, 2 * t**2 # Parametrization of the curve

F = [y**2, x * y] # Vector field

sol = sp.integrate(F[0] * sp.diff(x, t) + F[1l] * sp.diff(y, t), (t, 1, sp.sqgrt(3)))
sol

import sympy as sp

t = sp.symbols('t")

X, y = sp.log(t), 2 * sp.log(t) # Parametrization of the curve

F = [y**2, x * y] # Vector field

sol = sp.integrate(F[0]*sp.diff(x,t)+F[1]*sp.diff(y,t), (t, sp.exp(l),sp.exp(l)**3))

sol




Line Integrals (dwiinsaninvau)

fa0g19  29M1AN fC (2 + x?y)ds Tasii C Aorsauuvennan x% + y% = 1

alas C gnwnmiwesme X = cos(t),y = sin(t),0 <t <mw

> ;5 s dx\*> [ dv) & [T
| @+ ds=| @+ cos’tsinn)[| =) + (=) dr &
Je - dt dr (y=0

= ‘ (2 + cos’t sin 1)4/sin?t + cos?t dt
()

= 0 0 l
COs’t - b
= | 21 — - =27+ 3

0

import sympy as sp

Define the symbol and the parameterization
= sp.symbols('t"'")

= sp.cos(t)

= sp.sin(t)

Define the vector field

:2+X**2*y

Compute the dot products

Gds = G * sp.sqgrt(sp.diff(x, t)**2 + sp.diff(y, t)**2) # F * ds
ans = sp.integrate(Gds, (t, 0, sp.pi))

ans

H Q FHE X T I




Line Integrals (dwiinsaninvau)

VA

fa81e  A9AN fC y2dx + xdy ned C faiaulnnoluil

a) C=C, fo waunssainyn (-5, -3) 4 (0, 2) .
b) C=C, o anilamslvar X = 4 — y2 a1nqa (-5, -3) & (0, 2) (/\

(a) y—y; = m(x — xq) 0
y= x+2

Jo y?dx + xdy = f_os(x + 2)%dx + xdx=-§

import sympy as sp

X = sp.symbols('x")

y = X + 2 # Parametrization of the curve
F = [y**2, x] # Vector field

sol = sp.integrate(F[0] * sp.diff(x, x) + F[1] * sp.diff(y, x), (x, =5, 0))
sol

(b) Since the parabola is given as a function of y, let’s take y as the parameter and

- Y

write C; as
x=4 — y- y=y -Isy=<2 import sympy as sp
— | |
Then dx = —2vy dy and by Formulas 7 we have Y Sp.symbols (Ty")
' X =4 - y**2
| ¥dx+xdy=| y(=2v)dy+ (4 —y)dy Fo= [y*2, x]
i e sol =

sp.integrate (F[0] *sp.diff (x,V)
+ F[l]l*sp.diff(y,y), (y,-

2))

; : ! sol
V y s
2 3 : . '



Line Integrals (dwiinsaninvau)
et fvuslmaulasis 3 egsevega (0,0) wae (2,4)
Ci:x =t, y = 2t, 0<t<?2
Crix = t, y = t?, 0<t<?2
C3:x = 2t — 4, y =4t — 8, 2<t<3

NN TR LR RVRIEY fC1 xy ds = fC3 xy ds un fcl xy ds # sz xy ds

9
o) ‘) . )
r — = [ - (1. 161/5
/ ryds = / t(2t)VT+ ddt = ws/ 2 dt = 2V/5 (,w) SV
J Cy JO J0 3 : 3
U
; 9 9 ]
/ ryds = / !(l"'))v'(l + 4t? dt = / {3\/’/1 +482dt |u=1+412, du=8tdt, t* = —l(u —1)
JCs Jo Jo

'lT lT . ‘ » l P fq o
1 -)1 1 2/ ] .2 (VL 2 9 ) | .{ '/ -
:/ —(u—l)ul"-ffluz—-/ (u'{"—ul'))(/u:—-(—u"‘g——u‘{") | = WIvIi+1
J1 4 8 32 /i 32 \5 3 ] 120

. .3 3

— — . ~ |1 A
/ ryds = / (2t —4)(4t - 8)vV4 + 16dt = l(iv"f)/ (t — '2)”)(]f = 16V5 [—;(f - 2)"]
J J2 .

9

'y and ('3 are different parameterizations of the same curve, while C; and 'y are different curves.



Line Integrals (dwiinsaninvau)

feting  Avuslviaulasis 3 egsznnegn (0,0) uay (2,4)

Ci:x =t, y = 2t, 0<t<?2

Crix = t, y = t?, 0<t<?2

Caix = 2t — 4, y =4t — §, 2<t<3

duanuazesiewihly [ xyds = [ xydsw [ xyds # [. xyds
c, %Y c; %Y c, %Y c, XY

import sympy as sp

t = sp.symbols('t"')

X =t ; y=2*4t; F=x%*y

D =F * gsp.sgrt(sp.diff(x, t)**2 + sp.diff(y, t)**2)

sol = sp.integrate(D, (t, 0, 2))

print (sol)

import sympy as sp

t = sp.symbols('t")

X =t ; y=t*x*2 ;, F=x*y

D =F * sp.sgrt(sp.diff(x, t)**2 + sp.diff(y, t)**2)

sol = sp.integrate(D, (t, 0, 2))

print (sol)

import sympy as sp

t = sp.symbols('t")

X = 2*t-4 ; y = 4*t-8 ; F = x * y

D =F * sp.sqgrt(sp.diff(x, t)**2 + sp.diff(y, t)**2)

sol = sp.integrate(D, (t, 2, 3))

print (sol)




Independence of Path (aauilugascaasifiunig)

(~f an -V { o a o v -V 35 1
> Lﬂuqmauummﬁﬂﬁwu AV A UANS AN TN LA NI I T HNR L AR
1 v
LHUNIIIINYALETHARTIFARUYARALYINULENE (Independence of Path)

A

“16un19n198u7n5n (path of integration)” Aaviuléadsy C 7

%
=

Ao Hsiieaiiuge angaEndu A Gegeaugn B

0

Q1 F(x,y) = P(x,p)i + O(x,y)j dnauaianasiu 2 §5 wazidunns C
duiedtudames r(®) = x(0)i + y(0)j, a<t <b, Fmduiinianiuidu
(line integral) ALy

deerQdy:f F-dr

| C C
oo dr=dxit+dyj wvaz x=x(1),y=y(¢)

Path independence




Independence of Path (aauilugascaasifiunig)

35 a Aa o/ v 4:1 a{ v o/ 4 ¢
Jun9mss duiinsasuduiifigadestuauiniamenas F
@zfaifﬂ‘u@gjﬁ’ungiumwmm‘j@uﬁﬂ%”@

(L) (1, 1)

X —’ >

0, 0) (0, 0) (0, 0) 0,0)
(a) (b) (c) (d)

Figure 09.9.1: Line integral in Example 1 is the same on four paths




@, a 2
Independence of Path (arunidudassaaadnnis)

AIUARID [ ydx + xdy #auinduluusa: path Csswinan (0,0)uas (1,1)

1
[k
0

2dx + x(2xdx) = x3|; =1

\

L]

1
j xdx + xdx = X2|1 =1
0

G9aUsn X—UdX—O—le’ ydx + xdy = 0

dwamy = 1,dy = 0—>J’ 1dx= x|5 =1
0

\

0, 0) 0, 0)

grusn :y = 0,dy = O—>J’ ydx + xdy = 0
C

1
dnaae X = 1,dx = 0—>J’ 1dy = y|; =1
0

LD oy (LD

x3,
xt

X —? > X
0, 0)

o e
Il

Vx

d Learning Company

& o = 1 & o o vASEER
auNaees K PALIENIT ARINVIALAIDIBIETNY /1] wawjolearning.com



Independence of Path (aauilugascaasifiunig)

AIUARNID I ydx + xdy famduluusas path Cssvian (0,0)ua= (1,1)
C

y (L:1) y (1, 1) y (1. 1) y (1. 1)

(0, 0) (0, 0) (0, 0) (0, 0)
(a) (b) (c) (d)

import sympy as sp
t = sp.symbols('t")

Xx =t ; y = t*x*2
# Define the vector field F = [y, Xx]
= [YI x]

# Compute the dot product F-(dx/dt, dy/dt)
D = F[O]*sp.diff(x, t) + F[l]*sp.diff(y, t)

# Compute the line integral from t=0 to t=1
sol = sp.integrate(D, (t, 0, 1))
sol




Independence of Path (arsiludascaasifunis)

Definition 9.9.1 Conservative Vector Field

Horfdudnmns F Tuszuu 288 waz 3805 azduiefiduansne (conservative) 1
F uansliaglugiaasnsmewiissividuanans (V) 16 Geilerddn ¢ faz
gniBandn “lnsageaisiduwes F-

F is conservative if there exists a function ¢ such that F = V¢

Theorem 9.9.1 Fundamental Theorem

W C dmdunadatuaauien R uwazinu xp fands r()=x@)i+y(1)j,
a <t<biF(l,y)=Pxy)i+ O] iiuamuianaioyindlu R uas
¢ Ao TnmuBeaierduans F faly

J.F'(/l' = l‘\-d)'dr = h(B) — P(A), (2)

where A = (x(a),v(a)) and B = (x(b), v(b)).



Independence of Path (aauilugascaasifiunig)

sraeing 41 F(x,)) = yitxj uae dr=dxi+dyj fsin [ C ydx txdy= ) c Fdr
ausfinnsaiandu @ (1) =xy nsidewioasiefiu @ axfiduwingu

0
Vg = ¢1+ a—(l)J =i + Xj
V
mazin V=F(x,p) dofuagulien F(x, y) = yi + xj wanniianaianying

(conservative vector field) way @ iinlwmuBaaisiduaas F

%

drating aavd [ . ydx + xdy Tasi C dhudunsifiaaizad (0,0) wazqniugai (1,1)

C q q q
suivaziandn F(x, y) = yi + xj divawndaweaiansind Agnivuaidugaunseu Xy uaz
¢ (x,y) = xy dulnymdaaisdduaas F fabusaannsndionlsan @)

(1, 1) (1,1)
fc ydx + xdy = f(o 0 f(o 0 Vo - dr

_ @1
—xyI(O,O)—lxl 0x0
=1
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Independence of Path (aauilugascaasifiunig)

Aa cﬁ & o/ & (T & o ¢ I
5% aNriTe K LﬂuﬂmmLqmmmwﬁﬂw‘%@fm

auudi F(x, y) = P(x, Y)i + Q(x,y)j inansiamedonsng Tuudinu R Tned
P, Q. sviusuas P uaz Q daiflastundion R dviu

oP 90

dy 0x
dmduynaa (X, ) udum R vaebmenduii thannisdnsuuduededmsuyngs
(x,y) B R fswiu F = Pi+ Qj ifiuansiamedansng Tuudum R




Independence of Path (aauilugascaasifiunig)

fanting aundranadames F(x, v) = (% — 2y2)i + (x + 5y)j dusuniames
aysnEvEe |

o 20wy, OP _ 0Q
amn P = x?% — Zyz waz Q = x + 5y vinlilian — #= —=
dy dx
o & & ¢ ' & & ¢ o &
Al aaidawes F «Giduaunidanasanying”
faasng avdnauniaees F(x,y) = —ye Vi — xe ™ j \iluaunidnmnasnyindnse
— — o UV o | aP — — aQ
qmn P = —ye ™Y uaz Q = —xe™*Y yinlilsan 3y, = Xve XV — e = -

v o 4 s [ @ & o ¢
PNUHIE NUTHLIAEAI BT F Lﬂuﬂmmqmmmmﬁﬂw
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Independence of Path (aauilugascaasifiunig)

MBS

@ awansbidiudr [ F-drde F(x,y) = (y* — 6xy + 6)i + (2xy — 3x* — 2y)j

nan?ils@nuiudunng (Independence of Path) C szmdnsgainsiu (—1,0) uazqnawgait (3,4)

(3.4) F.dr

(b) s lmwsuBeaieddn ¢ w5 F uaz (© aslsafiugn f( 10)

aQ

aan P =y% —6xy+ 6usQ = 2xy — 3x% — 2y vinlilad g—f]=2y—6x=a

& ) & e % &~ & 1 { Y, v 1
adaawes F idusuniawedensng wasasdy f c F - dr fidiGiauiudunissgninegs A uaz B Taq Tu
ToHIU

b) ws1z F iflususidmnesanying wamsdnd wiBeaiesdn @ wanein F(x, y)=V¢ — P(x, y)i + Q(x,y)j = —¢i 9¢ j)

o/

s 8¢ _ _99 _ _ _
W oo = y2 — 6xy + 6 uaz 3y 2xy — 3x%2 — 2y
= f(y2 — 6xy + 6)dx =xy? —3x%y + 6x + g(y)

Taeit g(y) dusnasiinesnisdufinggu 1 ¢ = xy? — 3x%y + 6x + g(y) wwn g—;l: = 2xy — 3x% — 2y

0 , 0
a:ld 2xy — 3x°% + % = 2xy — 3x% — 2y #uiu % =2y wagly) =—y*+C
fod ¢ = xy? —3x?y+6x—y2+C




Independence of Path (aauilugascaasifiunig)

(3.4)
ﬂ 1,0)

F-dr=[xy?—3x%y + 6x —

(34)

(-1,0) = (48—-108+ 18 —-16) — (—6) = —52

y* +C]

aunaEun S9N A S B &l Yy = x + 1 din

-1,0)

(3,4)
j F-dr = j(y2 — 6xy + 6)dx + (2xy — 3x2% — 2y)dy
( C

= j ((x+ 1)*—6x(x + 1) + 6)dx + (2x(x + 1) — 3x% — 2(x + 1))dx
-1

3
= J (—6x?% — 4x + 5)dx = —52
-1

Note: aunsiaunseiden
sevagn (—1,0)uae (3,4)
ey =x+1

A

IFNIFTINITDDUALNGN WWNLNHVIWGTWGTVN’IEIUHLN%TWQ C %QL%@N@@ﬁwW]’N"V@I Alae B TWEILQ‘W”]W@T—J”NEN Q'T?J‘Vl@qfﬂﬂﬂ

import sympy as sp
# Define symbols
X, y = sp.symbols('x y'")

# Define the vector function F

F = [y**2 - 6*x*y + 6, 2*x*y - 3*x**2 - 2%*y]

# Compute derivatives

dQdx dPdy = sp.diff(F[1l], x) - sp.diff(F[0], y)
# Compute phi

phi = sp.integrate(F[0], x)

dgdy = F[1l] - sp.diff (phi, V)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy,

# Display results
print ("dQdx - dPdy:", dQdx dPdy)
print ("phi:", phi)

y)




Conservative Vector Fields in 3D
(A nAAaasansny Waiis )

F(x,y,z) = P(x,y,2)i+ Q(x,y,2)j + R(x,y,2)k
wazdnlisiidadioadurn r(t) = x()i+ y@®)j + z()k, a <t <b

j F-dr = j 76 - dr = ¢(x(b), y(b), (b)) — B(x(a), y(@), 2(a))
C C
= $(B) — 3(4)

i1 F (duswnadewaionsng uay P, Q, R wazeyiusuosdwiuii 1 veswandunewilestunsioas 3D
v

8P _dQ 0P _ AR 4Q _ OR

oy o0x’ 0z o9x’ 0z 9y

# F \duaunsidamesonsnd doduesl F = Vg uaz V X Vep = V X F = curl F = 0 iana s
Aadn

o p_ (OR_9Q\. (0P OR\. (0Q 9P\ _
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Conservative Vector Fields in 3D
(A nAAaasansny Waiis )

F(x,y,z) = P(x,y,2)i+ Q(x,y,2)j + R(x,y,2)k

ihn F=Vgo iy (P,Q,R) = (be» ¢y: ¢Z>

81 F (fwanndamasonsng uay P, Q, R waveyiusdesdwiuiil ves P, Q, R dewieiiosln
i 3D s 380159

%, Q oP OR 0Q
0

P 0 OR
Echxy:qbyx:a» Engxzngzx:_x» Engyzngzy:a

0P 9Q dP R 0Q R

dy  ox’ 0z ox’ dz  dy




Independence of Path (aauilugascaasifiunig)

A2BEY
a) asuaastidiud [ (v + yz)dx + (x + 3z° + xz)dy + (9yz* + xy — 1)dz fusniils
fufudune (Independence of the path) C azwdnega(1,1,1) uazan(2,1,4) wial

b)  AwmIAn f(lzllf))F dr

(@ antang F(x,y,z) = (y + y2)i + (x + 323 + x2)j + (9yz? + xy — DK
foie P=y+vyz, Q=x+32z3+xz waz R=9yz° +xy—1
Tdenlad F fuanuinneseysntnial
0,00 9 g, o

5_1-'_ W om Y onl 6n 9y




A lneaneian ¢ 2

JdpP

0z

OR
bxz = Gzx = ax’

90
0z

OR
— ¢yz — qbzy — @

o°P _ __0Q
a—gbxy_qbyx—a'
amn P =y +yz,

Q=x+xz+3z%8: R=9yz? +xy—1

P=¢,=y+yz

d¢

| ppdx = |7> =xy +xyz+ g(y,z)

import sympy as sp
# Define symbols

= ¢, =x+xz+9g'(y,2)

dy

X, Yy, Z = sp.symbols('x y z')
— ¥ — 3 # Define function F
¢y =0(§ 9'(y,2) =32°) F = [y*(1 + z), x*(1 + z) + 3%z%*3, x*y + Oxy*z**2 — 1]
, 3 # Compute curl components
9' (v, z2)dy = §(y,z) = 3yz° + h(2) dRdy_dQdz = sp.diff(F[2], y) - sp.diff (F[1], z)
dPdz dRdx = sp.diff(F[0], z) - sp.diff(F[2], x)
Ué’wwmg(y Z) g =xy+xyz+g(y Z) dQdx_dPdy = sp.diff(F[1], x) - sp.diff(F[0], y)
) )
@Ziﬁd) Tud = Xy + xyz + 3 Z3 + h(Z) # Compute potential function phi
aqb . phi = sp.integrate(F[0], x)
Tudd U dgdy = F[1] - sp.diff (phi, v)
0z phil = sp.integrate(F[0], x) + sp.integrate (dgdy, V)
— — 2 / dhdz = F[2] - sp.diff(phil, z)
(’bz R Xy + 9yZ + h (Z) phi = phil + sp.integrate (dhdz, 2z)

# Define start and end points

start point = {x: 1, y: 1, z:

end point = {x: 2, y: 1, z: 4}
phi difference = phi.subs(end point) -
phi.subs (start point)

# Print results

Yo, =R=(G N@ =-1)

1}

jh’(z)dz =lh(z) =—z+C

U swonen h(Z) lu @ azlden ¢ gavine

print ("dRdy - dQdz:", dRdy dQdz)
b =xy+xyz+ 3yz3 —z+C print ("dPdz - dRdx:", dPdz dRdx)
print ("dQdx - dPdy:", dQdx dPdy)

"Potential function phi:", phi)
"Integrate Fdr:", phi difference)

print
print

—_— o~~~
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(b) (v f(l 11;4)) F - dr sediudaonlwmdaaisidu ¢ (x, y, z) dwmin F Tnalé
partial integration (F = Pi+ Qj + Rk = V¢ = a¢ Z¢J+ ?;b k)
9 % 99 _
ax P, oy Q 0z =R
aan P =y + yz, Q=x+3z3+xz wz R=9yz? +xy—1
Jupaufie BunTm % = P diesududowls x ezl @ = xy + xyz + g(y, 2)
d¢

fumauite ¥ @ = xy + xyz + g (v, 2) flfaniunaue s 3y = Q =[5

X+ xz + a—‘;’]] = x + 323 + xz Foin Z_f/ = 3z3wa g(y,z) = 3yz3 + h(2)
dd

Tupauiie 1 @ = xy + xyz + 3yz3 + h(2) ilfaniuseu o uaz o 819 o, = = R [
xy + 9yz? +— =9yz° +xy—1 mﬁug—h =—-1weh(z) =—2z+C

d=xy+xyz+3yz3—z+C

214 (2,1,4)
F-dr=xy+xyz+3yz3—z+C =198 — 4 = 194

(1,1,1) (1,1,1)
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qeeEInusEssagdnanssiaauss F(x, y) saflil

F(x,y) = 2x+e™)i+ (4y — xeY)j

— —1V o ®ava opP — 0 v & & P o ¢ o o
a1 P = 2x + e Yuay Q = 4y — xe ™Y yililsidn 3 = ¢ Y= % Wi andames Fiduwawnsdnwmedonsnd vinls

q

NAouanTs Independence of Path Fatin unniieiidunneisgde v = x? feenn isdeniidunnsiidendida y = x
1
F.dr = j 2x+ e Y)dx + (4y — xe™Y)dy = f 2x + e X)dx + (4x — xe ™ )dx =
c C (y=x) 0
x=1

1
= j (6x +e™* —xe X)dx =3x>—e *+xe *+e* =3+e !
v x=0

import sympy as sp

# Define symbols

X, y = sp.symbols('x y')

# Define function F

F = [2*%x + sp.exp(-y), 4*y - x*sp.exp(-Vy)]

# Compute curl components

dQdx dPdy = sp.diff(F[1l], x) - sp.diff(F[0], V)
# Compute potential function phi

phil = sp.integrate(F[0], x) o
dgdy = F[1] - sp.diff (phil, y) (0,0)
phi=sp.integrate (F[0],x) + sp.integrate (dgdy, y)
# Define start and end points

start point = {x: 0, y: 0}

end point = {x: 1, y: 1}

phl_@lfference = phi.subs (end point) - phi.subs(start point) the:J.—xe‘xdx==xe‘x—:fe‘xdx==xe‘x-+e‘x
# Print results

print ("dQdx - dPdy:", dQdx dPdy)

print ("Potential function phi:", phi)
print ("Integrate Fdr:", phi difference)




Independence of Path (aauilugascaasifiunig)

IANNTYUAWeAIgUdnanefaauss F(x, y) sallil

F(x,y) = 2x+e™)i+ (4y — xe™?)j

— — o Doy aP — a o & < < o o

s P = 2x + e Yuaz Q = 4y — xeYyintln 3 = ¢ Y= % aaris ausdawes Fiwausdamesonsng
2 2

o ¥ A LRy [ 4 3 Lil v Y o/ = x g = Y Y A

yintidnmanif Independence of Path #wi unniiazliidunnssiogle -+ y? = 1 Fegnnisdanlfidiumned

Jnandnpay = 0
y = import sympy as sp
# Define symbols

.[ F -dr = j (2x+e_J’)dx+(4y_xe—Y)dy X, y = sp.symbols('x y')
c ¢ (v=0)

# Define function F

F = [2*xX + sp.exp(-y), 4*y - xX*sp.exp(-y)]
-2 X ::——2 # Compute curl components
zj (2X+ 1)dx =x2 + x = —4 dQdx dPdy = sp.diff(F[1l], x) - sp.diff(F[0], vy)
2 X =2 # Compute potential function phi
vV phil = sp.integrate(F[0], x)
’ dgdy = F[1] - sp.diff (phil, V)

Phi=sp.integrate (F[0],x) + sp.integrate(dgdy,y)

# Define start and end points

start point = {x: 2, y: 0}

end point = {x: -2, y: 0}

phi difference = phi.subs (end point) -
phi.subs (start point)

# Print results

print ("dQdx - dPdy:", dQdx dPdy)

print ("Potential function phi:", phi)
print ("Integrate Fdr:", phi difference)




HW

In Problems 11-16, determine whether the given vector field 1s
a conservative field. If so, find a potential function ¢ for F.

1. F(x,y) = @xy’ + 3)i + GxYy? + 1)
12. F(x,y) = 20°1 + 3y°(% + 1)j

13. F(x,y) = ¥* cos xy°i — 2xy sin xy*j
14. F(x,y) = (x> +y> + 1) 2(xi + vj)
15. F(x,y) = (& + )i+ (x+y)j

16. F(x,y) = 2¢”i + xe”j



1. F(x,y) = @y + 3)i+ Gy + 1)

import sympy as sp

# Define symbols
X, y = sp.symbols('x y’)

# Define function F
F o= [4*x**3%y**3 + 3, 3*x**4xy**2 4 1]

# Compute curl components
dodx dPdy = sp.diff (F[1l], x) - sp.diff(F[0], V)

# Compute potential function phi

phil = sp.integrate(F[0], x)

dgdy = F[1l] - sp.diff (phil, vy)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy, V)

# Print results
print ("dQdx - dPdy:", dQdx dPdy)
print ("Potential function phi:", phi)




12. F(x,y) = 2xy°i + 3y*(x* + 1)

J

import sympy as sp

# Define symbols
X, y = sp.symbols('x y’)

# Define function F
F = [2%x*y**3, 3% (x**2 + 1)*y**2]

# Compute curl components

dodx dPdy = sp.diff (F[1], x) - sp.diff(F[0],

# Compute potential function phi
phil = sp.integrate(F[0], x)
dgdy = F[1] - sp.diff (phil, y)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy,

# Print results
print ("dQdx - dPdy:", dQdx dPdy)
print ("Potential function phi:",

phi)

Y)

Y)




) ) e . 2 s
13. F(x,y) = y“cos xy“1 — 2xy sin xy“j

import sympy as sp

# Define symbols
X, y = sp.symbols('x y")

# Define function F
F = [y**2 * sp.cos(x*y**2), 2 * x * y * sp.sin(x*y**2)]

# Compute curl components
dodx dPdy = sp.diff (F[1l], x) - sp.diff(F[0], V)

# Compute potential function phi

phil = sp.integrate(F[0], Xx)

dgdy = F[1l] - sp.diff (phil, vy)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy, V)

# Print results
print ("dQdx - dPdy:", dQdx dPdy)
print ("Potential function phi:", phi)




~

14. F(x,y) = (& + y* + D) 72(xi + vj)

-

import sympy as sp

# Define symbols
X, y = sp.symbols('x y")

# Define function F
F o= [x/(X**2 + y**2 + 1)**2, y/(x**2 + y**2 + 1)**2]

# Compute curl components
dodx dPdy = sp.diff (F[1l], x) - sp.diff(F[0], V)

# Compute potential function phi

phil = sp.integrate(F[0], Xx)

dgdy = F[1l] - sp.diff (phil, vy)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy, V)

# Print results
print ("dQdx - dPdy:", dQdx dPdy)
print ("Potential function phi:", phi)




15. F(x,y) = (& +y)i+ (x + y%)j

import sympy as sp

# Define symbols
X, y = sp.symbols('x y")

# Define function F
F = [x**3 + y, x + y**3]

# Compute curl components
dodx dPdy = sp.diff (F[1l], x) - sp.diff(F[0], V)

# Compute potential function phi

phil = sp.integrate(F[0], Xx)

dgdy = F[1l] - sp.diff (phil, vy)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy, V)

# Print results
print ("dQdx - dPdy:", dQdx dPdy)
print ("Potential function phi:", phi)




16. F(x,y) = 2¢”i + xe™j

import sympy as sp

# Define symbols
X, y = sp.symbols('x y")

# Define function F
F = [2*sp.exp(2*y), x*sp.exp(2*y)]

# Compute curl components
dodx dPdy = sp.diff (F[1l], x) - sp.diff(F[0], V)

# Compute potential function phi

phil = sp.integrate(F[0], Xx)

dgdy = F[1l] - sp.diff (phil, vy)

phi = sp.integrate(F[0], x) + sp.integrate (dgdy, V)

# Print results
print ("dQdx - dPdy:", dQdx dPdy)
print ("Potential function phi:", phi)
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