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The main results of this chapter are all higher-dimensional versions of the Fundamental Theorem of Calculus.
you can see more easily their essential similarity. Notice that we have anfintegral of a “derivative”over a region
on the left side} and the right side involves the values of the original function only on the boundary of the region.

Fundamental Theorem of Calculus jb F'(x) dx = F(b) — F(a) B Z
a a
r(b)
Fundamental Theorem for Line Integrals L Vf - dr = f(r(b)) — f(r(a)) /_\/
(&
r(a)
C
d aP
Green’s Theorem J. j (—2 — —) dA = f Pdx + Qdy
ox ay ¢ ’
D
Stokes” Theorem ” curl F - dS = j F - dr
S C

Divergence Theorem J‘J- J divFdV = J f F-dS
E S




Derivatives' review : (aynus)
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Partial Derivatives (annustias)

* 01z = f(x,y) BRNUEtaEAa9 Z \WiBunu X Aa
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— = 11m
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Theorem 9.4.1 Chain Rule

If z = f(u, v) is differentiable and u = g(x, y) and v = h(x, y) have continuous first partial
derivatives, then



Partial Derivatives (annustias)

o/ 1 o 6 ¢ o/ 1 g aZ N az =~
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Directional Derivative

EXAMPLE 1 Gradient

Compute Vf(x, y) for f(x, y) = 5y — Xy~

EXAMPLE 2 Gradient at a Point

If F(x,y,2) = xy* + 3x% — 22, find VF(x, y, 2) at (2, —1, 4).



Directional Derivative

How to find the rate of change of
a differentiable function in any direction. tangent

secant

* Gradient of a function (“grad ™) 1s
N surface
Vf(x y) — a_ 1 _I_ g 1 | C Z =1f(\ y)
; Q ay i} flx+Ax, y+ Ay)—f(x, y)
*  NFUAUVIUD |

h = (Ax)2 + (Ay)2 > 0,v = hu
Ax = hcos@,Ay = hsin@
° MUY AUTUVILEU secant

Ax Ay
f(x+h cos 6,y+h sin 0)—f(x,y)

h
The slope of the tangent at P

to be the limit of (3) as h— 0.

C 1s the curve of intersection of the surface
and the plane determined by vector v

Definition 9.5.1 Directional Derivative

The directional derivative of 7 = f(x, y) in the direction of a unit vector u = cos #i + sin 6j is

f(x + hcos 0,y + hsin @) — f(x, )

D, f(x,y) = lim-
h—0 h

(4)

provided the limit exists.



Directional Derivative

Theorem 9.5.1 Computing a Directional Derivative

If z = f(x, y) is a differentiable function of x and y and u = cos 61 + sin 6 j, then

D,f(x,y) = Vf(x,y) - u. (5)

EXAMPLE 3 Directional Derivative

Find the directional derivative of f(x, y) = 2x*y® + 6xy at (1, 1) in the direction of a unit vector
whose angle with the positive x-axis is /6.

d d
SOLUTION Since élf = 4xy° + 6y andaf = 6x°y* + 6x, we have
X y

Vi(x,y) = (dxy’ + 6y)i + (6x** + 6x)j and Vf(1,1) = 10i + 12j.

1
Now, at 6 = /6, u = cos 01 + sin 6 j becomes u = Ti + E Jj- Therefore,

D,f(1,1) = Vf(1,1)-u = (10i + 12j)-(?i + %) =5V3 + 6.



Directional Derivative

. Directional Derivative

Find the directional derivative of F(x, y, 7) = xyz — 4x2y + 72 at (1, —1, 2) in the direction
of 6i +2j + 3k.

oF or oF
SOLUTION We have — = y* — 8xy, — = 2xy — 4x?, and — = 27 so that
Jx dy 07

VF(x,y,2) = (y* — 8xy)i + 2xy — 4x%)j + 2zk
VF(1,—1,2) =9i — 6j + 4k.

Since ||6i + 2j + 3k|| = 7thenu = 2i + 7 j + 7 k is a unit vector in the indicated direction.
It follows from (9) that

6 2 3 54
DF(l,—1,2)=09i—6j+4k)-|—i+ —j+ k] ="—.
of (1, ) = (9i J )(71 71 7) -
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Directional Derivative

. Directional Derivative

Find the directional derivative of F(x, y, 7) = xyz — 4x2y + 72 at (1, —1, 2) in the direction
of 6i +2j + 3k.

oF oF oF
SOLUTION We have Pl y* — 8xy, Pl 2xy — 4x?, and P 27 so that
X y Z

VF(x,y,2) = (y* — 8xy)i + 2xy — 4x%)j + 2zk
VF(1,—1,2) =9i — 6j + 4k.

Since ||6i + 2j + 3k|| = 7thenu = 2i + 7 j + 7 k is a unit vector in the indicated direction.
It follows from (9) that

6 2 3 54
D,F(1,-1,2)=0Qi—6j+4k)- (i + Zj+ k)] = —.



Tangent Plane and Normal Lines

Geometric Interpretation of the Gradient—Functions of Two Variables

aundlv (X, y) = ¢ uduldssedu (Level curve) vauileddu Z fianunsnmauiusld
(Differentiable function) mel z=tf (X, y) %x‘lﬂi’lu’ﬁm P(XO, yo); 2167 f(XO, yo):C
dudulavsedugninuuawisiliaes (parameterized) G’iwﬁl\iﬁﬁ?uﬁmmammauﬁuéﬂé’ﬁqﬁ
y x=g(t), y=h(t) — x,=g(ty), ¥o=h(ty)
iy aywusves £(g(t), h(t)) = ¢ Wisudu ¢ fe curve
of 0x 6f8y ~0 (1) )
Ox Ot Gy ot

11D1SINSIUIN

VA(x, y)—a—fl + gf] wae T (t)— ‘g;

gaiiu (1) nanendu VE-1r'=0 diqa t—to o fobly

Gradient is perpendicular

, ) ange ector at P
Uik YT (i)=0 e

Y , [ 1
autiudn T (ty) # 0.8awmes VI(X,, y,) devdvandu r'(t,) Aga P(X,, Yo) 693,



Example: Tangent Plane and Normal Lines

o qundulavszavvosiundu f(x, )= — x2 +y

2

HUIA (2, 3)

LAz IAALEBSNANAINAULALLANSZAUNARNATT.

fesann A2, 3)=—x2+y2=5,
Kulpssesumalamaluan —x2 +y
AN1IL

25,

Viix, v)=—2xi+2yj uar VA2, 3)=—4i+6j

('416)

Gradient in Example |



Tangent Plane and Normal Lines

Geometric Interpretation of the Gradient—Functions of Two Variables

Definition 9.6.1 Tangent Plane

Let P(x,, Yo, Z9) be a point on the graph of F(x, y, z) = ¢, where VF is not 0. The tangent plane
at P is that plane through P that is normal to VF evaluated at P.

Theorem 9.6.1 Equation of Tangent Plane

Let P(x, o, Z9) be a point on the graph of F(x, y, z7) = ¢, where VF'is not 0. Then an equation

of the tangent plane at P is
VE-t=VF-[(x —x)i+ (y—yo)j+ (z—2)k] =0

F (X0, Yo, Z0)(x — Xo) + Fy(Xo, Yo, 20)(Y — Yo) + F(Xo, Yo, 20(Z2 — 20) = 0. (5)
: : plase
* The normal line to a surface F(x,y,z)=c at P Gy 20
X — Xg Y —DYo Z— Zg

E.(x0,Y0, Zo) ; Fy(xo,}’o;Zo) - F,(x0, Y0, Zo)

!

FIGURE 9.6.5 Tangent plane is normal to
orachient at P



Example: Equation of Tangent Plane

® PIUIANUNISVDNSTUNUANNANUNSINW x2—4g2+22=16 ﬁ"@@ (2,1,4)
F(xyz) = x°-4y°+2° wuiasedu F(xyz) = F(21,4) =16 tuga (2, 1, 4)
Fx(X, U, z) = 2%, Fy(x, y, z) = -8y, uae F,(x, y, z) = 2z,
Faiu
F(x, y, z) = 2xi-8yjt+2zk war F(2, 1, 4) = 4i-8j+8k
HINANNTT (5), AUNISVDNSEUNUANNANUAD

Fx (x0.90.20) (X_XO)+F9 (x0.90.20) (y-yp) +F 2 (x0.90.20) (z-20)=0

A(x-2)-8(y-1)+8(z-4)=0 or 4x-8y+8z=32 %58 x-2y+2z=8



Curl and Divergence (1asa wazlarasiaud )

* Aamasanduy 2 dauds waz 3 AuUTITENITaNdd aUNNLIAKDS

Definition 9.71  Curl
\Asa vesauudawes F = Pi + Qj + RK Aeauuiiawmesidanniiu

<6R 6Q>_ <6P 6R>_ <6Q 6P>
VXF=curlF= i+ j + k

dy 0z 0z 0Ox dx 0dy

Definition 9.7.2  Divergence
lanesiaug vesaudawes F = Pi + Qj + RK AsanarsWanduiidanminu

7-F=divF= 2499 R
— Y T Ty T oz
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Gradient (wnsiheui)

® Gradient of a Function

insneuirasaundawas £ (x, y) = P(x, y)i + Q(x, y)j wnusaeiienn Vf

@ Definition If f is a function of two variables x and y, then the gradient of f
is the vector function Vf defined by

Vi(x, y) = (fi(x ¥), f(x, ¥)) —;l +==]




Curl and Divergence (1asa wazlarasiaud)

3 | Theorem If f is a function of three variables that has continuous second-

order partial derivatives, then

curl(Vf) =0
PROOF We have
j k
0 0 0
curl(Vf) =V X (Vf) =| ax ay oz
o o df
ox dy 0z

0* & 0* 0° 0? 0?
= ;9 i+ ,f-—,f j+ f i k
ady 0z 0z dy 0z 0x 0x 0z 0x dy dy 0x

—0i+0j+0k=0



X

Double Integrals (ﬁuﬁﬂ%'aam%u)

o v A A o A . . | o A o ¢ ) 1
D NIMIUBRVNINLAET (Smgle mtegrals) ADULAAVILIVNNITWIUINUTILLT 1Y

(interval) LANB

L usid19130 Double integrals 15 8ia9ntafiaznnLBingansNeridul{ifssudung

I csl =l % N o 1 o/ = csld 1 o ‘E c%j %
NARLNAWHN YIS LLG’]EN‘:I'JNQQUH?J@UL?IWV]N:JJU‘:I"I\WVJ UNINAUAIY

—
/
/
—

graph of f

-

surface z = f(x, v)

|
§
ll

———— — —— —

ZFD-
/ﬁ_%r»/-( )
. X:, ¥
\/ / / - 3 )
\ L AR (x;,7:.0)
X _Lodafaany ] B

R

Volume under a surface



Double Integrals (Fufinsasaszu)

Definition 9.10.1 The Double Integral
Wz = f(x,y) dulnfusewulseymieveun R laqlu 2 i digu faiuduiiniaaesdu
199 f witlovouin R fanwfiu

n

|| reayyaa = tim > rocivo aa

IP||—=0 4
R i=1

o ||P|| ves partition P L‘*Jﬂﬂg@ué

R={(x,y)la=x=b,c=y=d]

“~




faeing aUszanuan Double integral f f (4x3 + 6xy%)dA wilevouwndmaeuiiun
y

R (szuu XY) dagy Unurnile (I, fx,y)dA = ”IlJL”mOZ L f(xl ) A 1 _av G
(1505] (2505
Rs | R
f ] (4x3 + 6xy?)dA = z(4x + 6x;v7) AA; sp0deged 7
R, |R,
S f—
- (4(1 5)346(1.5)(0.5)2 )AA1 &R
+(4(2.5)3+6(2.5)(0.5)2)AA, 2 G
+(4(1.5)3+6(1.5)(—0.5)2)AA3 Number of Midpoint
+(4(2_5)3+6(2.5)(_0.5)2)AA4 Subrectangles | Approximation
+(4(1.5)3+6(1.5)(—1.5)%)AA 6 294.00
+(4(1.5)3+6(1.5)(=1.5)2)AAg ~ 294 2 307.50
96 310.88
384 311.72
2 2 1536 311.93
ﬁ(é}x + 6xy“)dA = fj(élx + 6xy“)dxdy 144 21108
21
3
= f O+ 3x2y2)| dy
1
: 1 import numpy as np
= Jk80'+24y2)dy:=(8OY'+8Y3N = 314 from scipy import integrate
7 -2 f = lambda x, y: 4 * x**3 + 6 * x * y**2
integrate.dblquad(f, -2, 1, 1, 3)




Properties of Double Integrals
 Theorem 9.10.1 _ Properties of Double Integrals |

W [ JuWefduntiassdouds uazarunsnduiinenifmiierou R auiu ‘_

J J f(x, y)dA = I j f(x, y)dA + ” f(x, y) dA, where R, and R, are subregions of R

R R, R,
that do not overlap and R = R, U R,.

A28814 99911A7 ffR (x + 1) dA wilovouws R dsguanuanile 23

!J(x+1)dA=ﬂ(x+1)dA+}[Z (x + 1) dA

2+%x2 1 1+y
f (x +1)dydx + j j (x +1)dxdy /
1

2

’]2‘ _1_1_y2

2 1

Y v [0 4yray = 18,283
X yIAy =TT

-2

-1

i — L e
x 4




Double Integrals (Fufinsasaszu)

b g,(x) bl g92(x)
f f f(x,y)dydx=j j |
a g:() a lg

(a) Type I region

Type |

x = h,(y)

X = hs(y)
(b) Type Il region

d h,(y) d h2(y)

| | reonasay=[| [ reyax|a

c hi(y) ¢ Lh1(¥)

(b) Type Il region




|

faaeng 1. asmne1 Double integral [ fR eXt3YdA

-Type Il Region

wileveulwafigndnalaensmy = 1,y =2,y = Xuwavy = —x+5 | y=—x+5
25—y dy@\
]_____ —
jj eXt3YJA = f f eX+3ydxdy j(es y+3y _ ey+3y) dy (:_\ dx N
R 1y % % % % %
5+2y 4y 9 8 7 4
e e™V|2 e e e e
— 5+2y _ L4y — _ - — _— | __ | ~
= | (e e*’)dy = = ~ 2771.6
f( )dy =—5 4]1 (2 4) <2 4)
imEort Sympy as sp
X, y = sp.symbols('x y'")
sp.integrate (sp.integrate(sp.exp (xt3*y), (X,v,5-vy)), (y,1,2)) .evalf ()

2. 3ASuInsvasgUNnsignasusaumensnelull 2x + y + z = 6, x=0, y=0, z=0, first octant

3 6—2X

ﬂ(6 Zx—y)dydx—fj (6 — 2x — y)dydx = = j(6 2x)%dx =

0

—(6 —2x)3| 3
12

import sympy as sp
% sp.symbols('x y')
sp.integrate (sp.integrate (6-2*x-vy, (y,0,6-2*x

Xy

)), (x,0,3)) .evalf(

)




fae19 finsanveuiaiigndaaoumensl X% +y2 =4,z =4 —yuazrz = 0

ey mndunsngninaes

(2 (Va=x
(a) 4 J J (4 — y)dydx
0 JO
2 (Va-2
(b) 2J | (4 — y)dydx
~2Jo
"2 r\f’4—_\»‘
@2J (4 — y)dxdy

(4 —y)dxdy

ol [
=2/2<4—.u)..0

2
=2 / (4 —y)V4—y*dy
J =2

4—y?
dy

=2 [2,{/\/4 —y2 + 8 sin~* '—2/ -+

import scipy.integrate as spi
import numpy as np

sol, = spi.dblquad(lambda x, y: 4 - vy, -2, 2,
lambda y: -np.sqgrt(4 - y**2),
lambda y: np.sqgrt(4 - y**2))

print (sol)

34~ y?)*/?

1
= 2(4m — (—4m)| = 167




faeng fnsanveuniigndaasumensiil X2 4+ y% = 4,y% + 2% = 4 §isU amniEnesi
andnaeu

2 rVa-x
(a) 4 — yH)"? dy dx
J=2J-V4-2
2 rVa—y? 2 +y2=4
O, (4 = y)'" dx dy
Jo Jo y
2 \AJ—A
(c) 4 — x> dy dx
0 Jo \

2 p/A—y? 2 -
Vi= / / (4 — y®) 2 da dy = / (4 — y?)/22
JO JO JO
) 2
= <4u——§q3>

0

0

3 import scipy.integrate as spi

import numpy as np

spi.dblquad(lambda x, y: np.sqgrt(4 - y**2), 0, 2,
lambda y: O,
lambda y: np.sqgrt(4 - y**2))




v
arsudassandsarnioagan AN aLE9a
(Change of Variables: Rectangular to Polar Coordinates)

 Polar coordinates (7, 8) of a point are related to the
rectangular coordinates (x,y) by the equations




Cylindrical Coordinates (ffanssnszuan)

Cylindrical coordinate system flunssau #rinda (polar) sesqauuszuin Xy fuiaainenizwny Z
sananslugil Aanssnszuan (Cylindrical coordinate )aasqn P gnuassiae (7, 6, 2)

z = constant (plane)

r = constant

6 = constant 2
(cylinder)

x (plane)
(a) (b)
n1sulasnnansaInssuan = NNARN

arngdanuuu Wiean (X, Y, Z2) 1e93a P awunsamlsainiianssnszuen (7, 6, 2) Taw

xX=rcos@,y=rsinb,z=z
N15uUaINNARIN == NNANSINTSUAN

o/

Afnan (X, Y, 2) wilasliliy Adansenszuan (1, 0, 2)) o

r? =x?% + y?, tan9=X Z=2Z
X




Cylindrical Coordinates (ffanssnszuan)

BlNAEINN

n = o/ a o/
SRR (8,5, 7) = (1,0, z) Wianssnszuan = (X, Y, Z) Adpain

%
o/

AL (8,%, 7) = ( 4, 44/3 ,Z) TR

rcos@ rsinf@ z




Spherical Coordinates (Ananssnan)

o = (conslz)ml 8= constant
cone
(plane)
b P 0692 §
- 2 lg
L (p. 0. 6)
o/ |
P ::
[
O \ y
e GatienT
) Q P = constant
o

(sphere)
(b)

MsulaINNANSINAaN == NNARIN
Afanssnan (o, @, ) uiladhililu wvaan (x, y, ) Tae

X = ||W2>|| cosf,y = ||O_Q>||Sin9,z = ||W’>|| coS ¢ uazaingd ||W2>|| = psing
x=psinpcosO,y=psindsinb,z = pcos o

MswilaaNneaIn == NNANSINAN
Anafinaen (X, y, Z2) wlashhidunsenan (p, @, 0) 1ae

A
N r—— EErp—
Jx2 4+ y2 + 22 X




Converting Coordinates (nsuuasiiin)

msdufinfasuduluszuudiansenan (Triple Integrals in Spherical Coordlnates)
angt snmsgUanluszuuiidansanas (0, ¢, 8) Uszunnuanlidu

dV =W X L X H =dp X pd¢ X psin¢ df = p?sin¢p dpdpdo PSi”¢A9\

Tnevinlil nsaufinsaanudulussuuRipnsenay qzag]lugl gdin 527 |
B 92(8) f2() 89~ |
]jj Fo.g00av = [ [ FGo.0,0)0%sing dpdado 3
a g1(0) f1(¢.0)

ALY X

2T T T
5 —jjjz' ddd@—pBr( |”)9|2” E o 2x2
SUNAININAN = p°sing dpdepdf = 3o cos ¢ 0 0 3 s

0 00

4mrr3

3



Converting Coordinates (nsudasiiiin)

ALY

Q341 (6,%, §)=(p, ¢, 0) Adansanan = fineain (X, Y, Z)

LAz Wiensanan = wianssnszuan (7, 6, 2)

p = ,¢—4,LL@W =3

iy (6,%, g) = (3\2/5, 3\2/6, 3\/?) TuAfna1n

(6,%,2) = (3\/2%, 3\/?) TuAfANTaNIzLan
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