ngufjvesdland (Stokes’ Theorem)
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ngufjvesdland (Stokes’ Theorem)
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V2 F4 = [-y"2,%,2°2]
sigma = [r*cos(t),r*sin(t),2-y]
2t 1 boundary=subs (sigma, r, 1)
. int (dot (subs (F4, [x,Vy,z],boundary),diff (boundary,t)),t,0,2*pi)
= (14 2rsin@)rdrdf =mn ndS=simplify (cross (diff (sigma,r),diff (sigma,t)))
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ngufjvesdland (Stokes’ Theorem)
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F(x,y,2) = (x +y2)i+ (y +z9)j + (z + x*)k

curl F 221 — 2z j — 2y k and we take the surface S to be the planar region enclosed by C', so S 1s the portion of the plane
r+y+z=1loverD = {(z,y) |0 <2 <1,0<y <1-— =z} Since C is oriented counterclockwise, we orient .S upward.
Using Equation 16.7.10, we have z = g(z,y) =1 —2z —y, P = —22, Q = —2x, R = —2y, and
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plane=[x,y,1-x-vy]

F [x+y*2,y+z"2,z+x"2]

F subs (F, [x,y,2],plane)

ndsS cross (diff (plane,x),diff (plane,y))

sol int (int (dot (curl (¥, [x,y,2z]),ndS),y,0,1-x),x%x,0,1)
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ngufjvesdland (Stokes’ Theorem)
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ngangeijvesaland (Proof Stokes’ Theorem)
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ngangeijvesaland (Proof Stokes’ Theorem)
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ngangeijvesaland (Proof Stokes’ Theorem)
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ngufjvesdland (Stokes’ Theorem)
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ngufjvesdland (Stokes’ Theorem)

Surface Integral sin F = xyi + yzj + xzK sasnsom V X F 14l

i j Kk
VXF= 9 9 9 = —yi—2zj—xK
dx Jdy 0z
xy YZ XZ
LATLINZ g(x v,Z) =2z + x? — 1 = 0 dunsnszuen mummmwmﬂmﬁwwu AR
L= 7B _ 2xitk
o lvel VaxZ+a
Y _ —2Xy—X
a1l HS (CurlF-n)dS—ffS mdS—

[ (=2xy —x)dA = fo1 f_zz(—ny —x)dydx = — 2

clear

syms X y z t r

F = [x*y,y*z,x*Z]

boundary = [x,y,1-x"2]

ndS=cross (diff (boundary, x),diff (boundary,y))
curlF=curl (F, [x,Vy,2])

sol = int(int (dot (curlF,ndS),x,0,1),y,-2,2)
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Aaidunszemainszuen X2 + y4=1 lussun y + z = 2
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clear
syms X y z t r

F=[z,%x,Y]
— 1/ jj dS \/ ff \/ dA — 27-[ boundary = [r*cos(t),r*sin(t),2-r*sin(t) ]

ndS=cross (diff (boundary,r),diff (boundary, t))
curlF=curl (F, [x,vy,2])
sol = int (int (dot (curlF,ndS),r,0,1),t,0,2*pi)




Aaage aglt Stokes’ theorem nan gﬁc F - dr (ae9 C 2 lufiAnquduunnnn

F=z%ycosxyi+ z?x(1+ cosxy)j+ 2zsinxyK e C flaevamduszuwz =1 —y

curl F = —222i+ 22k. A unit vector normal to the plane is n = (j+ k)\/j . From > =1—y,
we have 2z, =0 and 2, = —1. Thus, dS =V1+1dA = V2dA and

fz_[[ 1 F fzs_/ 22&4_[[1— dA
?g T (curl F) -n R\/_ ( u)
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0 0
clear
Syms X y Z
F = [y*z"2*cos (x*y) ,x*2"2+x*z2"2*Cc0os (X*y) ,2*z*sin (x*y) ]

boundary = [x,y,1-vy]

ndS=cross (diff (boundary, x),diff (boundary,y))
curlF=curl (F, [x,vy,2])

sol = int (int (subs (dot (ndS, curlF) ,h boundary),vy,0,1),x,0,2)
sol = sol (3)
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% F-dr = f 2xy?z dx + 2x%yz dy + (x*y? — 6x) dz
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1
2T

= j —2 costsindtsint dt + 2 cos? tsin® t cos t dt + (cos? t sin® t

0
2T

— 6cost)costdt = J (=2 costsin*t + 3 cos3 tsin®t — 6cos?t)dt = —671
0

clear

syms X y z r t

F = [2%x*y"2*%z,2*x"2%y*z,x"2*y"2-6*x]

boundary = [r*cos(t),r*sin(t),r*sin(t)]

ndS=cross (diff (boundary, r),diff (boundary, t))
curlF=curl (F, [x,vy,2z])

sol = int (int (subs (dot (ndS, curlF) , boundary),r,0,1),t,0,2*pi)
sol = sol (3)



https://www.symbolab.com/solver/definite-integral-calculator/int_%7b0%7d%5e%7b1%7d%20/left(2/left(1-y/right)%5e%7b2%7d/left(1+cos2y/right)-2/left(1-y/right)sin2y/right)dy

nguijvesaland (Stokes’ Theorem)

Use Stokes’ theorem to evaluate f z2e*dx + xy*dy + tan ' ydz where Cisthecirclex* + y>=9,
c

by finding a surface § with C as its boundary and such that the orientation of C is counterclockwise as
viewed from above.

We take the surface to be 2 = 0. Then n = k and d5 = dA.

Since curl F = -
l+y

()ﬁ: e” rfr—krf;ffu—l—tan 1y dz —/ (curl F) - nrf‘_a_/[u ffﬁ_// y°dA
Jc J s JIR

2 Eﬂl 3

:/ / sin? 0 r dr u’H_/ 1 rsin? @

0

1 81w
:I_A sin f df) = — T

S i+ 22¢7j+ 37k,

b
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HW

18. F(x,y,z) = —2yzi + vj + 3xKk,
S is the part of the paraboloid z = 5 — x* — y* that lies
above the plane z = 1, oriented upward

19. A particle moves along line segments from the origin to the
points (1,0, 0), (1, 2, 1), (0, 2, 1), and back to the origin

under the influence of the force field
F(x,v,z) =z7i+ 2xyj + 4y°k

Find the work done.
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sufinsaanwvu (Triple Integrals)

* n1suszgndldaunsduindasnuyy

— wmdBunsvasgunssiv (Volume of solids)
— waravasgunseiu (Mass of solids)

— wiluuddunisuasaas(lumuaudes) vasgunseiu (First and
second moments of solids)
— wilneafiunyagudnansuaa (Coordinates of center of mass)

— vnyawsumsessvasgunseiu (Centroid of solids)

Definition 9.15.1 The Triple Integral

W F fluwsiduaas 3 mszmﬂmﬁum’Lmﬂmu@mmm o D 1355 e aufinsaansduaas F witettnn D Sawiniy

]Hl(\ y,2)dV = lm z iV 2 AV (1)
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Applications A list of some of the standard applications of the triple integral follows:
Volume: If F(x, y, z) = 1, then the volume of the solid D is

=]

D
Mass: If p(x, y, z) is density, then the mass of the solid D is given by

m = m p(x,y, z) dv.

D
First Moments: The first moments of the solid about the coordinate planes indicated by the
subscripts are given by

M, = m zp(x,y,2)dV, M, = m yp(x,y,2)dvV, M, = m xp(x, y,z) dV.

- -

D D D
Center of Mass: The coordinates of the center of mass of D are given by
M}'Z MIZ Mx}
x=-—, y= _—, z= _.
m m m

Centroid: If p(x, y, z) = a constant, the center of mass is called the centroid of the solid.

Second Moments: The second moments, or moments of inertia of D about the coordinate
axes indicated by the subscripts, are given by

I = [” 0* + 2p(x,y,2)dV, I, = J'” x* + 29p(x,y,2)dV, I, = J” @ + y")p(x, y, z) dV.

D D D

Radius of Gyration: As in Section 9.10, if 7 is a moment of inertia of the solid about a given
axis, then the radius of gyration is

R = 1 earning Company
g m vw.jblearning.com



Center of Mass (Application)
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Center of Mass (Application)

First Moments: The first moments of the solid

/2 1 1
M, = m zrdV = f f J zr* dz dr db M, = m zp(x,y,z) dV
D 0 0 Jr o
[7[2r]
= —r?| drd _
0 0 2 r M.’cz - ”'
D
D

D
J yp(x,y,2)dV

/2 1
1 5 4 T
=J J(r—r)drdél:.
2 0 0 30
/2 ;1 1 M, = xp(x,y,z)dV
M, = mrzsinedv=J JJ r? sin 0 dz dr do :
0 0 Jr
D clear
/2 r1 1 syms X y z r t
— T"SZ sin 0 dr do Mxy = int (int(int(z*r*2,z,r,1),r,0,1),t,0,pi/2)
0 - Mxz = int (int (int(sin(t)*r~3,z,r,1),r,0,1),t,0,pi/2)
Myz = int (int (int(cos(t)*r"*3,z,r,1),r,0,1),t,0,pi/2)
/2

0

L
/2 (1 1 1

M, = J]J r?cos0dV = J J J r*cos 0dzdrdd) = —.

‘ o JoJr 20

D

rl 1
(r’ = r*)sin@drdd = —
J 20

0

Hence,
M, - 1/20 M

~ w  1/20 M, /30
m /24

Z = =~ (.8
m /24

X = =~ (0.38, vy =

= ~038, 7=
YT m T )24 ¢

The center of mass has the approximate coordinates (0.38, 0.38, 0.8).




Center of Mass (Application)

| Second moments, or Moments of Inertia

[, = ’H (v + zHp(x. v, 2) dV, [, = J“ (x> + z2Hp(x, y.2)dV, I = [H (x? + yHp(x, v, 2) dV.
D D D
/2 1 1
I, = jf (r?sin? 0 + z*)r?dzdrdf = j jj(r‘L sin® 8 + r?z%)dzdrd6o
D 0 0 r
w/2 1 m/2 1

2 2 5
j J(zr sin H+TBZ )] drd@—j f{(r4_r5) sin 9+(%—%)}drd9
0 0
' 1 1
<<30>sm 9+18>d9

0
/2 /2
j 7 g T de—j
5 sin” 9 18 =

0 0 0

/2

_j 1 1 — cos 26 +1 40 — 1 6 sin 26 +9 B TL’+T[_13T[
B 30 2 18 ~\\30/\2 4 18 i 120 36 360
clear
syms X y z r t

0
Ix = int (int (int (r"4*sin(t)"2+r"2*z*2,z,r,1),r,0,1),t,0,pi/2)




Center of Mass (Application)

| Second moments, or Moments of Inertia

I, =

D

’H {.\'3 + 2%)p(x. v, 2)dV,

[H (x* 4+ yH)p(x, y, ) dV.

i 2 -'\. i % T
- J“ (x= + z9p(x, v, 2)dV, I =
D

D

/2
]
/2

[

L, = Jﬂ(rz cos? 0 + z®)r2dzdrdf = j
0

r (zr4 cos? 6 +

/2 1 1
jj(r‘L cos? 0 + r?z?)dzdrd6
0 7
2 1

T/

r2z3\1" rz re
>] drdf = f j {(r4 —1°)cos? 0 + <— — —>} drdé
3 . ) 3 3

oo (o

S

]

0

(B

2
1+ cos 26 N 1 20 = 1 9+51n20 +9 &4 _m N _137‘[
2 18 ~\\30/\2 4 18 i 120 36 360

clear
syms X y z r t

Iy = int(int (int (r

~*cos (t)"2+r*2*z*2,2z,r,1),r,0,1),t,0,pi/2)




Center of Mass (Application)

| Second moments, or Moments of Inertia

= ’H (v + zHp(x. v, 2) dV, [, = J“ (x> + z2Hp(x, y.2)dV, I = [H (x? + yHp(x, v, 2) dV.
D D
/2 1 1 /2 1
I, =Jﬂ(r sin® 8 + r? cos? 8)r?dzdrd6 =j j]r“dzdrd@ —j j(zr Ldrd6
D 0 0 r
/2 1 /2 /2
—j [ S)dde—f o d9 j L g= =
I el B =R ~ ) 30% T 60
0 0 0 0 0
clear

syms X y z r t
Iz = int (int (int ((r"2*cos(t) "2+r*2*sin(t)"2)*r*2,2z,r,1),r,0,1),t,0,pi/2)




N15WAgUAINUVDINISIUNING A

f Jo (+=3) f (33 )F (x,y,z)dzdydx =  dydxdz
puguldnuang wim D dudeufiedlueenunwif 1 Gugnilndendanszuiuaasiaesfiumiovma 3 52y uas
szwugavinane 2x + 3y + 4z = 12 angl (b) waz asnsaglsnn

6 (4-35 3-3-2 3 (6-27) 4—2-2

3)
3
j j j F(x,y,z)dzdydx = j j j F(x,y,z)dydxdz

dzdydx 06
0ne3 > 4 004 3

dydxdz . 2x 4z 06— 2z 0«3
Ind=—3 -3

:end Learning Company
www.jblearning.com




| FABENN AILAANNIINT ANALABINITEUANIALETNRIBasgLNAuATH

2 8 4 clear
Syms X y z
dzdydx dzdydx — 48 | answerl = int(int(int(1,z,0,4),y,x"3,8),x,0,2)
answer?2 = int(int(int(1,x,0,y*(1/3)),2,0,4),vy,0,8)
vV 0 x30 answer3 = int(int(int(1l,y,x"3,8),%,0,2),2,0,4)
1
8 4 ys3
dxdzd : g=a
ﬂ Y| = dxdzdy = 48 /
v y
0 0O
4 2 8
j j dydxdz = f f f dydxdz = 48
oA
174 0 0 x3 X
3 12—z clear
21 Syms X y z
— — — | answerl = int(int(int(1,x,2z"2,2-2),2,0,1),vy,0,3)
jfj ddedy fj J dXdZdy 6 answer?2 = int (int (int(1,y,0,3),x,z"2,2-2z),z,0,1)
174 00 ZZ answer3 = int (int (i nt(l,z,O,x .5),%,0,1),y,0,3)+
int (int (int (1, z,0,2-x), %, 2),v,0,3)
12-z 3
21 .
j j dydxdz = dydxdz = 6
1% 0 z2 O
31 ﬁ 3 22—x
f j f dzdxdy = j J J dzdxdy + J J f dzdxdy =%
V 0 O O O 1 O S & Bartlett l




fansing asBunnsasgnsiodluaanums® 1 Gegnandarenandia z = 1 — y%,y = 2x, uaz x = 3

clear
syms X y z
answer = int(int(int(1,2z,0,1-y"*2), x, vyv/2,3),vy,0,1)

-
I
'Jl -
;

-

Il
-

—.—
——
=

(a) (b)

a o Zl/ a a o o y | a a o 9:/
szunu XY lugl AevFnuaes Type I Awiu duiinfaiauiu X ain > 09 3 ludounsauiiniadugasing

Waudu Yy aan 0 e 1 Asriu

1 3(1-y?) 13 1
H dv = jj f dz dx dy =jj(l—yz)dxdy=f[x—xyz]yizdy
y 0 0 Y 0
2
2 4
_[(go3y2 Y L NSO | SR S
—J(B 3y*? >t )dy = [331 y 4+8]0_3 1 4+8_8




1.

fanting asnBunsfiinainnisiaiuresmaiusens z = x2 + yz ez = 4 — x° — y

duiinsausiiar D, ddunsnisnduiinsaiisunu Z aatiu

Wi X uaz Y agash, Widen Z 1579gladuniuiuin

ldenddnvesnisaufinianmae (lu xy-coordinates %138 polar coordinates) AstiupBN1ITINYNLEULLLLIAIARAY

Ui D. dumineninudnnavii double integral 91u3ans R Tussuiu Xy (Geent D gnatsasunuuszuiu Xy)

£ Z
z=x%+ yE
1
T D R2=x%+]
sl Y
=4 —x?—y?

V2 \2-y?4—x?-y?
V=deV= f f f dz dx dy
D —V2 —[2=y2 x%2+y?
21 V2 4—712 21 V2
jj j dzrdrd@-jj "” rdr do
Zn\/_
jj(él Zrz)rdrde—j [21‘ — — \{)_de—lln

answer =

clear
syms X y z
int (int (int (1, ...

Z,X"2+y"2,4-x"2-y"2),

X,—-sqrt (2-y"2)
y,—-sqgrt (2),sqgrt(2))

,sqrt (2-y*2)), ...




2

Fnaging A Bunmsnagnelu x? + y2 +z4=1 WABENIEIUBNNTINTIE x? + y2 =Z

|4

[l

clear
syms rho phi theta
answer = 2*int (int (int (rho”2*sin(phi),rho,0,1),phi,pi/4,pi/2),theta,0,2*pi)




wianssnszuan (Cylindrical Coordinates)

Cylindrical coordinate system flunssau #rinda (polar) sesqauuszuin Xy fuiaainenizwny Z
sananslugil Aanssnszuan (Cylindrical coordinate )aasqn P gnuassiae (7, 6, 2)

z = constant (plane)

| (x, Y, 2)
or
(% 6 2)
17
|
|
|
0 — y y
N\ T I 75
T8 N
X ) (r,0) 6 = constant k= Cﬁ"?ﬁ“i?}_
X (plane) (cylindet)
(a) (b)

n1sulasnnansaInssuan = NNARN

arngdanuuu Wiean (X, Y, Z2) 1e93a P awunsamlsainiianssnszuen (7, 6, 2) Taw

xX=rcos@,y=rsinb,z=z
N15uUaINNARIN == NNANSINTSUAN

o/

Afnan (X, Y, 2) wilasliliy Adansenszuan (1, 0, 2)) o

r? =x?% + y?, tan9=X Z=2Z
X




wianssnszuan (Cylindrical Coordinates)

BlNAEINN

n = o/ a o/
SRR (8,5, 7) = (1,0, z) Wianssnszuan = (X, Y, Z) Adpain

%
o/

AL (8,%, 7) = ( 4, 44/3 ,Z) TR

rcos@ rsinf@ z

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com




Suiindasusuluifansenszuen
(Triple Integrals Cylindrical Coordinates)

f2(1,0) B 9200) f2(1.6)
jﬂ F(r,0,z) dV=U f F(r,0,z)dz dA:f f j F(r,0,z)rdzdrdf
D R \f1(r.0) a g1(6) f1(r.0)
z2=/,(r.0)
’rd@\A K= dr L
A= dz
> 4]

(a) (b)

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
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wiansanau (Spherical Coordinates)

Z ¢ = constant
(cone)
S~ p (Xy2)
s or
L (p. ¢. 0)
|
o / |
P ¢
O | .
X = ~ I //
7 s N
) 0 p = constant
0

(sphere)

-

6 = constant
(plane)

(b)

N15u1RINNANTINAN == NNARIN
Anansenan (p, @, 0) wilaslilidu fdaen (X, y, Z) Tae

X = ||0_Q>|| cosf,y = ||w|| sinf,z = ||W5|| coS ¢ uazangil ||O—Q)|| =psing

x=psingpcosO,y=psinepsinf,z=pcos e

N1 URINNANTINAN —=NNANTINSZLUBN
Aransenan (p, @, ) wilaslilidu Adansenszuan (17, 8, 2) o

r=psing, 6 =20,

Z = pcCcosao 2




nsuuasinna (Converting Coordinates)

ALY

Q341 (6,%, §)=(p, ¢, 0) Adansanan = fineain (X, Y, Z)

LAz Wiensanan = wianssnszuan (7, 6, 2)

p = ,gb—4,u,@o, =3

iy (6,%, g) = (3\5, 3\2/6, 3\/?) TuAfna1n

2
(6,%,%) = (3\/2%, 3v/2) luiifanssnszuen

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
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nsuuasina (Converting Coordinates)

n1shlaInnaaIn = NNANSINAN
Afadtaen (X, y, Z2) wlashhidunsenan (p, @, ) 1ae

Z
p=+x%+y2+ 22 ¢ = cos™! —1%

\/x2+y2+zz'

nsauinsasnduluszunuinanssnan (Triple Integrals in Spherical Coordinates)
angd WnnmsglanTuszuuiidansenan (0, @, 0) dszannunliidu

dV =W XL x H =dp X pd¢ X psin¢ df = p? sin ¢ dpdpdb

Tneinlel nsBunniaanduluscuuninnsanan azatlugil

B 9200) f2(¢,0)

W Fp.¢.6)dV = f f f F(p, ¢,0)p*sin ¢ dpdgd6
b a g1(8) f1(¢.0)




N

aVv =[/L/ X é X 5
(pd¢) (psin¢pdf) (dp)

psin ¢ A6
N

Ex. Volume of Sphere with Radius R

P sin ¢/

s

Ag

clear /
syms rho phi theta R f
answer =

int (int (int (rho”2*sin (phi), rho,0,R), © Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
i, 0,@id) , theta, 0, 2%pid) www.jblearning.com
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